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Abstract

We consider an infinite system of hard balls in R? undergoing Brownian motions and sub-
mitted to a pair potential with infinite range and quasi polynomial decay. It is modelized by an
infinite-dimensional Stochastic Differential Equation with an infinite-dimensional local time term.
Existence and uniqueness of a strong solution is proven for such an equation with deterministic
initial condition. We also show that the set of all equilibrium measures, solution of a Detailed
Balance Equation, coincides with the set of canonical Gibbs measures associated to the hard core
potential.
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1 Introduction

The aim of this paper is to construct and analyze an infinite system of interacting hard balls
undergoing Brownian motions in R? and starting from a fixed initial condition.

R. Lang ([9],[10]) constructed in a pioneer paper the reversible solution of an infinite gradient
system of Brownian particles (i.e. balls with radius 0, that is reduced to points) submitted to a
smooth pair interaction. It is a so-called equilibrium dynamics in Statistical Physics, since this
process has a time-stationary distribution. J. Fritz solved some years later in [6] the non-reversible
case, which occurs when the initial distribution is no more Gibbsian. For this type of systems,
the main difficulty comes from a possible explosion (i.e. an infinite number of particles can enter
a finite volume after a finite time).

On another side, a reversible system of infinitely many Brownian hard balls (without external
potential) was studied by H. Tanemura [22]. He constructs a unique solution to an infinite-
dimensional Skohorod type equation where the hard core situation — balls can not overlap —
appears as a local time term in addition to the basic Brownian motion. The (reversible) initial
condition is ditributed like a Gibbs measure associated to the hard core potential.

In the present paper, we deal in the dynamics (£) with Brownian motions submitted to the
sum of a hard core potential and a smooth infinite range pair potential, a model which is a mixture
of both Lang’s and Tanemura’s models. In [5] we proved existence and uniqueness of a reversible
solution of equation (£), using at several places the time-stationarity of the solution. We propose
here a new pathwise approach for the construction of a non-reversible solution of (£) : the initial
condition can be any deterministic configuration in a set of allowed configurations which is clearly
identified (see (18)). Furthermore, the model studied here is an important generalization of the
previous works since the pair potential we consider has infinite range with a so-called quasi-
polynomial decay (see condition (3)); we explain in the proof of Proposition 3.5 why this choice
is almost optimal with respect to the techniques we use. The potential treated in [5] had a faster
exponential decay, which is known to be much more accessible to mathematical treatment.

In Section 2 we present the infinite-dimensional equation (£) and we state the results. We
build a sequence of approximating solutions in Section 3, show their convergence and analyse the
limit process, in particular its associated infinitesimal generator.

Last, we prove in Section 4 that any Gibbs measure associated with the dynamical interaction
is reversible. Reciprocally, we show that any measure satisfying an equilibrium equation called
Detailed Balance Equation is necessarily canonical Gibbs.

2 Main results

The particles we deal with in the present paper move in R, for a fixed d>2, endowed with the
Euclidian norm denoted by | |. B(y, p) will denote the closed ball centered in y € R? with radius
p > 0 and more generally, for any A C R%, we define

B(A, p) = {y € R? such that d(y, A)<p}

where d(y, A) denotes the Euclidian distance between y and A. The volume of a subset A in R?
is also denoted by |A]|.
The modelization of point configurations may be done in two equivalent ways :

The first possibility is to represent an n-points configuration in R? as a subset (with multiplicity)
of cardinality n in R?, that is as an equivalence class on (R%)” under the action of the permutation
group on {1,...,n}. The second possibility is to modelize it as a point measure ). ; ¢, on R4,
More generally, the set of all point configurations in R% will be the set M of all point Radon
measures on R? :

M= {§ = Zd&. such that I C N, & € R? and for any K compact in R, ¢(K) < +oo} i
i€l



M is endowed with the topology of vague convergence. By simplicity, we will identify any point
measure £ € M with the subset of R? {¢;,i € I} corresponding to its support and with the
representants of this subset in (R%)!, writing for example &4 = £ N A for the restriction of this
configuration to A C R%, &n for the concatenation of both configurations & and 7. M N (R%)" is
the set of all n-point configurations.

Let us also introduce some definitions of differentiability for functions defined on the space of
point configurations M.

Definition 2.1 A function f on M is local if there exists a compact set K C R? such that f(v)
only depends on YN K, i.e. Yy e M f(v) = f(yx). Such a function is called K -local.
A local function f on M is called C* if for any n € N* the function defined on (RH)" by

(Y1, ) — f(z 8,;) is Ck. For any v € M, D,f(xy) and D2, f(x7) denote the first
i=1

and second derivatives of y — f(yy) at y = z.
Our set of test functions will be T := { functions f : M — R, local and C?}.

Remark that any local C-function is bounded on A and that any local C'-function has a

bounded derivative on A : sup sup |Dyg(z7y)| < +o0.
zERI vEA
We introduce some more notations.

e For A C R? N, is the counting variable on M : Np(¢) = #{i e N: & € A},

e For A C R, By is the o-algebra on M generated by the sets {Ny =n}, n € N, AC A, A
bounded.

e 7 (resp. my) is the Poisson process on R? (resp. on A) with intensity measure the Lebesgue
measure dy (resp. dy|a).

e For z > 0, 7* (resp. %) is the Poisson process on R? (resp. on A) with activity 2, that is
with intensity measure z dy (resp. z dy|a).

The particles we deal with in this paper are not reduced to points but are hard balls or spheres
of diameter r, for a fixed » > 0. Since balls can not overlap, the set of allowed configurations is
the following subset of M :

A={¢={&}i € M such that Vi # j |§ — &[>} .

2.1 Interaction potential and (canonical) Gibbs measures

For a complete description in a general framework of the concepts introduced in this subsection,
we refer the reader to [7].

We are dealing with hard balls with diameter r submitted to the action of a pair potential,
which is a function on R? of class C? satisfying ¢(r) = ¢(—=). Due to the hard core situation
the values of p(x) may be chosen arbitrarily for |z| < r. In particular, one can assume without
restriction that ¢ vanishes in a neighborhood from 0 and that V¢(0) = 0. Moreover it satisfies
the following assumptions (1), (2) and (3):

e Summability of the interaction and its derivative on A :

VEE A D le(&)] <+ooand Y [Ve()] <+oo (1)
J J



e Lipschitzianity of V¢ on finite allowed configurations :
There exists a real number Vi > 0 such that for each finite subset J of N, each ¢, € A
verifying max |£; —nj| < r/2, one has :
j€

37 IVelg) - Vo) < Ve max|¢; — | (2)
jedJ

e Quasi-polynomial decay of the interaction : Ja,b > 0 such that for R large enough,

veed S Vo) <g(R) = —— (3)

a(log R)b
{5:1& 1> R} R

This is obviously a stronger condition than the second summability condition in (1). The
range of the pair potential ¢ may be finite or infinite, i.e. the support of ¢ may be compact or
not. If the range of ¢ is finite, (1), (2) and (3) are trivially satisfied.

Let us also present an equivalent formulation for assumption (1). The space R? can be splitten
into cubes that cannot contain more than one center of hards balls with diameter r : R? =
Ureza % + [0; f[ Let 7y, denote a point in the closed cube \}k‘ +[0; \f] which maximize ||

on this cube : |p(yx)| = max{|p(z)|, = € \Lfk + [0; ]d} Clearly, for each configuration £ € A,
one has > . [¢(&)[< D yeza [o(x)|- The conﬁguratlon Y = Y pezd 0, does not a priori belong to

A, but it is the union of at most [\/& + 2]¢ allowed configurations. Using a similar argument for
V¢, one obtains that assumption (1) is equivalent to

sup D ()] < +oo and  sup Y [Ve(§)] < +oo

£cA § EeA j
Moreover, using the translation invariance of the set A, assumption (1) is equivalent to the
following useful uniform summabilities :

P = sup supZMp (r—¢&)| <+o0 and Ve = sup supZ\thx—éj)\ < 400 (4)
zeR4EEA zeRIEEA

Remark 2.2 From a physical point of view, it is natural to assume that the pair potential p(x)
only depends on the norm of x (p(x) = (|z|) for some C? function ). In this case, a sufficient
condition for ¢ to satisfy assumptions (1), (2) and (3) is the following :

Ja,b > 0, F) non-increasing function with / P(|z|) dz < +o00 such that for R large enough
Rd

Vus R |o()|<B), W()<—m—r  and [ (w)|<Bw).

ya(logu)
The energy of a configuration £ € M submitted to the potential ¢ in the compact volume
A C R? with the boundary condition n € M is given by :

1 .
3 e -&)+ Y & —m) ifémecA

Ex(€ln) = £.6,€A e EAe (5)
+00 otherwise.

(the condition £znpe € A corresponds to configurations for which £y € A, npe € A and no ball
of nae is overlapping a ball of £y). The energy is well defined for £anpac € A since the first sum
contains a finite number of terms, and the second series is finite due to (4). Moreover, e~
vanishes as soon as the configuration £xnac is not allowed.



We now define the set G(z) of Gibbs measures on hard balls associated to the potential ¢
with activity parameter z € R*. For each compact subset A of R? let us define a local density
function with respect to the Poisson Process 7% by :

Fi(€l = i exp(~Ea(€n) (6)

where the so-called partition function ZA”7 is the renormalizing constant :

Due to the hard core, the above series is only a finite sum and 0 < Zé\’n < +00.

Definition 2.3 A Probability measure u on M belongs to the set G(z) of Gibbs measures on hard
balls with activity z and associated potential o if and only if, for each compact subset A C RY,

(E[Bac)(n) = fi(&ln) dmk(€)  for p-a.e. 1.

Remark that any Gibbs measure in G(z) has its support included in A. Dobrushin proved
in [1], using compactness arguments, that there exists at least one element in G(z) when the
potential contains a hard core component. Furthermore the set G(z) is convex and compact.
About the cardinality of G(z), remarking that the sum of the hard core and the smooth potential
¢ is superstable and lower regular in the sense of Ruelle [15], we have :

- If z is small enough, Ruelle proved that uniqueness holds (see [14] Theorem 4.2.3). In our case,
a sufficient condition would be :

exp—(2p +1)
Jra |1 = exp(—g(x))|dz

- For z large enough it is conjectured (see [14] and [7]) - but still not proved - that phase transition
occurs : #G(z) > 1. Moreover, it is conjectured by physicists that for z converging to infinity one
can find a sequence of Gibbs measures p, € G(z) converging to the closest packing configurations.

See also [13] for a construction of a pure hard core Poisson Process with applications in per-
colation theory and [23] for the description of such a process as a Gibbs cluster process.

z < zp =

We now define the set CG of canonical Gibbs measures on A associated to the potential
©.

Definition 2.4 A Probability measure pn on A belongs to the set CG of canonical Gibbs states on
A for the pair potential o if and only if, for each compact subset A C R? and n € N, for pu-a.e. n,

1 )
Zhan Liva©=n) exp(—E(En)) dra(§)  if Z8mm >0

d/‘L(ﬂBAC? NA)(% n) =

0 otherwise,

where the partition function Z™M" for the particle number n is the finite renormalizing constant
\ [
zhn = e [ynexp—Ea(yr - yaln) dyr - - dyn.

Since the potential ¢ is bounded from below we deduce from (1) that the map y — Ex(y|n) is
also bounded from below on R¢, uniformly in A and 5. Thus Georgii’s conditions (6.11) and (6.12)
from [7] hold, which allows to apply Theorem 6.14 of [7] and to deduce that the set of canonical
Gibbs states CG is obtained by mixing elements of different G(z), z € RT : for any u € CG there
exists a probability measure # on RT such that

= / p0(dz) with . € G(2) for each z € RT. (7)
R+



2.2 The infinite-dimensional reflected stochastic equation (&)

Let (2, F,P) be a probability space with a right continuous filtration {F;};>¢ such that each
F: contains all P-negligible sets and let (W;(t),t>0);en be a family of Fi-adapted independent
d-dimensional Brownian motions.

Let us denote C(R™, M) (resp. Co(R*, M) ) the set of continuous M-valued paths on R* (resp.
which vanish at time 0), endowed with the topology of uniform convergence on each compact time
interval. C(R*, M) is the set of all possible paths, and the subset of all allowed paths is

C(R*, A) = {X € C(RT, M) such that Vt>0 X (t) € A}.

Sets C([0,T], M) and C([0,T7],.A) are defined similarly for any positive final time 7.

Let ¢ be the smooth infinite range pair potential introduced in the previous subsection. We
consider the following - possibly infinite - gradient system of stochastic differential equations
satisfied by the Brownian balls :

( Forie I CN,teRt,

1 t
Xit :XiO Wit—* Vv XZ‘S—XJ‘S ds
. (1) = X:(0) + Wilt) 22;/0 P(Xil5) — X(s)

+ 3 [ (i) = XL

jeI

where
o (X;(t),t20)icr € C(RT, A), i.e. it satisfies Vi # j,Vt=0, | X;(t) — X;(t)| = r;

o (Li;(t),t=0); jer is a family of non-decreasing RT-valued continuous processes satisfying :
t
Lij(O) = 0, Lij = Lji and Lij(t) = / ][|Xi(s)—Xj(s)\:r dLij(S), Ln’ =0.
0

A solution of the system () with initial condition x = (z;)ier € Ais afamily (X7 (¢), L;(t),120,4,5 €
I) of processes such that equation (£) is satisfied with X (0) = 2. The process X is infinite-
dimensional as soon as z is an infinite point configuration (41 = +o0).

The main results of this paper are the following theorems.

Theorem 2.5 The stochastic equation (£) admits a solution with values in A for any determin-
istic initial configuration which belongs to the set A = {x € A : P(Q) = 1}, where the set Qy
is defined in (18). This solution is unique as element of C C C(R*, A), a subset of reqular paths
defined in (40).

Theorem 2.6 Any Gibbs measure p € G(z) with activity z > 0 has its support included in A.
Furthermore, if the initial configuration of the stochastic equation (E) is random with distribution
u € CG, then this solution is time-reversible, that is its law is invariant with respect to the time
reversal.

Theorem 2.7 Suppose that p is a probability measure on A with u(A) = 1. Furthermore, suppose
that for every A compact subset of R and p-almost all n, u(.|Bac)(n) is absolutely continuous
with respect to wa and its density up(.|nac) has the following differentiability property :

Ve € Ap, the map x — up(x€|nac) is C' on ANB(Enpe,r) and its derivative

Vup(x€|nae) verifies / / sup |Vup (z€|nae)| ma(d)p(dn) < +oo (8)
AJAN zEANB(Enpe,r)

If v is an equilibrium measure for the gradient system (E) in the sense that the Detailed Balance
Equation (44) holds under p, then p is a canonical Gibbs measure in CG.



3 Approximating processes and their convergence

To simplify we restrict the study of the paths on the time interval [0, 1]. It is obvious that all the
results in the sequel hold true on any time interval [0,7], T>1, up to a change of constants.

3.1 Construction of finite-dimensional approximations

In this whole subsection, ¢ € N* is fixed. We construct the approximating process X%® in
order that it “essentially” stays in B(0,¢), the ball with radius ¢ (we use a penalization method,
whose sense will be clear soon). To obtain such a behavior, we introduce in the equation (&)
an additional gradient drift V%7 which vanishes in a subset of B(0,¢) and is strongly repulsive
outside of B(0, 7).

More precisely, for any allowed configuration n € A whose support is disjoint to B(0, /), we
fix a R*-valued function ¥%7 on R% which is C? with bounded derivatives and vanishes on each
y € B(0,¢) such that yn is an allowed configuration, and only on those y’s (see figure 1), that is

Yy) =0 < yeB0,)andynec A < |y|<land d(y,n)>r.

Figure 1: Particles of n are represented; the grey area is the domain where /%7 vanishes.

We extend the definition of ¥%" to any configuration n € A by taking @)% = ¢t1NB0°,
We also choose the family (1)), such that, for every n € A,

sup 3 / Lysogyao @p(—051(y) dy < 1. (9)
nE€A jen+ /R



Such a family (7)sens yea exists; choose for example 7 (y) = C4+15(y) where § is a C2
function with bounded derivatives which is equivalent on R? to d(-, A~ B(nae, 7)) with A = B(0, /)
(see [20] p. 171), that is which verifies :

Je, C > 0 such that Vo € R? ¢ d(z, A~ B(npe,r)) < 0(z) < C d(z, A~ B(nace,7)).
For n € A and n € N*, let us now define the n-dimensional stochastic differential equation :

((Vie{l,...,n}, Vtel0,1],
AXi(0) = dWi(0) — 5 | VO + Y VelXilt) - X5(0)

(&)
+ Y Ve(Xi(t) —my) | dt
Jini|>¢
+ (Xi(t) — X;(¢))dLi;(?)
j=1,..n

with L;j = Lj; for all i and j and L;(t) fo L x,(s)— X (s)|=r dL;;(s).

(&5") is a n-dimensional stochastic differential equation of Skorohod’s type, reflected on the
boundary of the domain

D, = ANRY" = {z = (x1,...,2,) € RY)™ : |[z; — aj|>r,i # j}. (10)
Its drift has a gradient form —%Vﬁﬁ’n where
1
(@, ) = | > (1/)6’"(901') e ez — x5) + Z o(@i —le)>‘ (11)
i=1,...,n j:‘lég“"’n Jins|>£
Ve

Since the drift —%Vﬁﬁ’" is bounded and Lipschitz continuous, following the results of Saisho and

Tanaka (Theorem 5.1 of [17]), the equation (£5") admits a unique strong solution in the domain

» for each initial n-points configuration = € AN (R%)™. We denote this solution by X*""(x,-).
For any configuration x € A, one can define an A-valued finite-dimensional process with initial
configuration x N B(0,¢) and random dynamics (€£’") by

XO7() = Xboen (g ) with A = B(0,£) and n = #(z N B(0,£)) .

As Kolmogorov proved in his pioneer paper [8], the solution of (€5M) is reversible when one
takes as initial distribution 5", where 15" is the finite measure defined on (R%)" by

vl (zy, .. xn) = exp(—=B5"(z1, . xn)) Ta(zy, ... 2n) doy ... dey,.

Q%n denotes the time-reversible law of X4mn starting from Z/f;” :

Qi = / P(XS (2, ) € ) dvi(z).

Remark that, like 757, the finite measure Q4" is not necessarily a Probability measure.

+oo
The Probability measure u5"” on U (R%)™, Poisson mixture of the (v5"),, is defined by :
n=0
L e~FIBOO X o x d\n
z U A ZO ﬁ Vi (An), An - (R ) ’ (12)
n—=



too  p
where Z1 = ¢=#B0.0) E Z—| vE((RY)™) (with the convention Vé’”((Rd)o) =1).
n!

n=0
Similarly, consider on the level of paths the Probability measure defined by
—z|B(0 2)| +o° prg

QY = — > Q.

£7
Zzn n=0

This Probability measure is time reversal invariant. Its support is included in A, as a mixing of
A-supported measures.

3.2 Sets of irregular paths : first estimates

We first prove an estimate of the probability that a particle of a configuration following the (Sf;’")—
dynamics moves with high velocity.

For every € > 0 and 0 €]0, 1], let 3(5, ¢) denote the paths for which a particle ¢ has a -modulus
of continuity A higher than ¢, i.e.

B(3,¢) = {X €C([0,1],.4) : i, A(X;,0) > e},
where the §-modulus of continuity of a path w on [0, 1] is defined as usual by

A(w,d) = 0<sul%)<1 |w(t) — w(s)]|. (13)
s <5

Proposition 3.1 There exists C1 > 0 (depending only on d and the interaction @) such that the
following upper bound holds : Ve > 0,V§ €]0, 1], V¢ € N*,

¢d g2
s.upQ’77 0,¢ <zC’eXp< )
sup (B(5,¢)) 15 55

Proof of Proposition 3.1

We will need the following estimate on Brownian paths, which is a consequence of Doob’s inequal-
ity (The reader can find a detailed proof e.g. in the Appendix of [3]) :

Lemma 3.2 If W is a (one-dimensional) Brownian motion on (2, F, P) then for every e > 0
and every § €]0,1]

41 g2
W.6)> < = -
P(A( 75)/5) X 5 exp( 55)

We first compute an estimate of Q4 T(B(8,¢)).

Let (X&mn [tnn ) denote the unique strong solution of (&, ’77) starting from 14", and recall that
the distribution Qn’" of Xtm™ is time reversible on [0,1]. By construction the processes :

t
Wilt) = X[ - X 0) + / VAL (X 4T (5)) ds
0

/ 7 (X]TM(s) = XPT(s)) AL (s),  1<i<n, 0<t<1
Jj=1...n
and
= ‘ ¢ 1t
Wilt) = Xy (1 —1) = X7 (1) + 5 Vi (X577 (s))ds
1—-t

/ Z XM (s) — X7 (s))ALEM (), 1<i<n, 0<t<1
1 t



are both n-dimensional Brownian motions starting from 0. Remarking that
1 —~ —~
vie 0,1 XU = XEn(0) = <W(t) YW —t) - W(O))

and using the fact that the laws of W and W are identical, we obtain :

W"(B(5,))
= P(Elign such that sup |W;(t) — Wi(s) + Wi(1—1t) — /I/I?Z(l —s)| > 25) dvi (z)
(RE)m

jt—s|<s
0<s,t<1
< P(ﬂign such that sup |Wi(t) — Wi(s)| > cor sup |[W(t) — Wi(s)| > 5) VEN(RY™)
jt—sl< jt—s|<5

< 2P(3i<n such that A(W;,d) > 5) von ((RH™)
<2n P(A(WL,0) >¢e) v ((RH™)

We know from lemma 3.2 that

41 g2
W- < = —— .
P(A(W1,0) >¢) < 5 exp( 55)

According to the definition (11) of 85" and assumption (4) :

B @rwn) = @) £ (@ —a) + Y plen— )+ By (w2, )

J=2 Jinj|>£
= wé’n(l'l) —2¢+,8f;’21(m2,...,xn) (14)
which implies that
v (R™) = /( ) Tyg(x1,y ... xn) e B (@1,0mn) dxy -+ dxy,
Ra)n

< / Tp(wa, ..., 2p) e Pni@2mn) 20 =V @1) gy gy,
(Re)m
< @Y [ o gy (15)

This leads to the estimate :

~ 2 —
QL(B(b,e)) < 2n b (R Z%l exp( ) e*? / eV dy
Rd

After summation in n we obtain :
o e—21B(0,0)] +oo pe Vs
QU(B(,e) = ——— > = QL(B(5,¢e))

87 7‘
7 n — n!

—HBOOI (2 a1 1 e? .
[0 — M (RGP 2p & / -t g
gt - nz_l oy (BT Jer pexp{—g5 ) [ ey

— 1 62 4,m
2z %~ —— vy
82z e 5 exp( 55) /de Yy

Recalling that 4%" only vanishes into the ball B(0, /) and using inequality (9), we get :

/Rd ey = /B< KA b [ Loy < £ B0,V 41
0,

N

N

which leads to the desired result with C; = 82(|B(0,1)| +1) ¢**. &

10



In order to control the convergence of the finite-dimensional systems, we have to estimate the
set of particles which are touched by a fixed particle i. If the paths have a small oscillation, this
set will be finite because the particle ¢ can not reach particles which are too far away. But we
also have to avoid the bump to ”"propagate” along a large chain of neighbouring particles. We
first define patterns called (r 4 £)-chain of particles, and then prove that they are rare enough,
in the sense that the probability under ,uﬁ’" of configurations containing such a chain decreases
exponentially fast as a function of the length of the chain.

Definition 3.3 Letx € A and e > 0. Each subset {x1,- - ,x,} of distinct particles of x verifying
|21 — 22| <r + 6,00+ [Tt — TS F €
is called an (r + €)-chain of n particles of x.

For M € N* and ¢ > 0, let Ch(M,r + ) denote the set of allowed configurations containing
an (r + ¢)-chain of M particles, that is :

Ch(M,T‘—i—E) :{I‘EA, 3{:L'la"' 71;M}C$7 ’$1—{L‘2|<T+5,"' ,|$M_1—1‘M‘<7"+6}

Let us now define a set of irregular paths, in which a particle belongs at some time to a large
chain of interacting particles : for m, M € N*, ¢ > 0

— k. i
Bim, M,e) = {X e (0,1, A) : 3k € {0,...,m — 1} such that X (.>) contains }

one (r + ¢)-chain of M + 1 particles

_ {XeC([O,l],A): e {0,....m—1}, x(©

)

ECh(MJrl,rJrs)}.

Note that this set increases as a function of . -
We now prove an upperbound for the Qﬁ’”—Probability of B(m, M,e).

Proposition 3.4 There exists Co > 0 (depending only on the radius of the balls, the dimension
d and the interaction ) such that, for any m, M € N* and 0 <e <r :

sup sup Q4" (ZZS'(m, M, 5)) <m (Cy ze)™.
LeN* neA

As corollary, for € small enough (depending on z), the left hand side decreases exponentially fast
as a function of M.

Proof of Proposition 3.4

QL (B(m, M) = Q4" <3k €{0,...om—1}, X(2) e cnr + 1,T+5)> .

m

By stationarity of Qﬁ’”, this probability is smaller than

—

< STUTCHM A1 t2) = m ol (CROM + L7+ 2)).
k=0

We now estimate the Mﬁ’n—probability that such chains exist.

Each configuration in (R%)" N Ch(M + 1,7 +¢) has exactly #‘71), representants in (R?)" such
that (xp—pr, ..., @) is a fixed M + 1-uple verifying |z, pr — Tppr1|<r4e, -+ |2p—1 —xn|<r+c.
In order to fix the representant of the configuration ((x,—as,...,z,) € O), we demand that for
n— M<i<n, x;41 is defined by |x; — ;41| = min{|z; — z;|;¢ < j<n}. This fix the labelling of the
points in the chain, except for the (negligible) set of configurations containing two points which

11



are exactly at the same distance of a third one. Since ﬁf;’"(xl, ooy Tp) and T4(z1,...,2,) do not
change by permutation of the x;’s, this leads to :

vy (CR(M + 1,7 + ¢€))

TL' n—1
- m /(Rd)n H ][|55i*33¢+1|<7"+5 To(Tn—ns-- - an)
i=n—M

¢,
Lz, ..., 20) e—ﬂn"(mlw,rn)dl«l cooday,
We use inequality (14) to get :

ﬁﬁ’n(:ﬁl? ey wn)> - 2¢ + ﬁﬁﬂl(wla e 7xn—1)

Remarking that
Ta(xr, - swn) < Ngp—gr iz Talr, .oy 2n1)

using again inequality (14) and integrating with respect to x,, we obtain :
g ag
’"(Ch(M +1,r+¢))

TL . 1 n—2
< Tl n 1 ' / H ][Té\xi—xi+1|<1”+6 ]I@(:L'n_M, .. ;xn—l)
(RE)"
i=n—M

_ 0,
][A(xla . xnfl) ][r<|g;n—xn71|<r+562(p e_ﬂnjl(zlwawz’ﬂ*l) dl’l e dxn
< n e ((r+e) —rh)|B(0,1)|27 (Ch(M,r +¢)) .

By definition of 15" (see (12)) we have

e_Z‘B(Ove)I I Zn

e Ch(M +1,r +¢)) = 725 v, "(Ch(M + 1,7 +¢))
z n=0
—2|B(0,0)] n
= S > S UOR(M 41,7 +e)) (16)
L v

Using this, the above inequality and iterating the result on M, we obtain :
" (Ch(M +1,7 +¢))

_ —2|B(0,0) n-1
¢ ((r+e)? =r?) |B(0,1)]

z

n>M+1 (n—1)!
z € ((r+e)?—r?) |B0,1)] u2"(Ch(M,r +¢))

(=% ((r+ & =) BO.D]) " WCh(Lr + &)
_ M
(z e¥? ((r+¢)% — r?)|B(0, 1)|>

e

Vﬁ’ﬁl(Ch(M, r+e)

N

Zﬁan

NN

N

By the binomial formula, for € < r we have :

d
(r 4 ¢)? :rd—i-z <> < rd 4 e 20 pd-l
=1

and then
4n 26 od .d—1 M
" (Ch(M +1,r+¢)) < (e 297 |B(0,1)| z ¢

The proof is completed if we take Cy = % 2¢ r4=1 |B(0,1)]. W
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3.3 Convergence of the approximations on the set (2,

Through this whole section, x denotes a fixed element of A. The aim of this section is to prove
the convergence of the sequence (X*%), to a limit process X7,

As usual for stochastic equations, we study the dynamics only for w’s in a well choosen subset
Q. C Q2. We will prove in the next section that this subset has Probability measure one.
We first choose a parameter k such that 0 < k < 2(%1) and define an increasing volume sequence

(£(m))m by
1

1-2k *
—_— e N*. 17

£(m) = exp(

The explanations about the choice of ¢(m) will be done after equation (33). From (26) we deduce
the right choice of the parameter x and from (35) we see how to choose the length M of allowed
chains. From now on, we fix them. For M > %, let us now define the set ), as follows :

where

m—-+00

) (m+1) 21 1
Q, = liminf {w e : Xz’x(aJ) ¢ B(—, )}
m- m~

L=L(m)
z 4
G, = i {w 0 s XOV0) ¢ B, 0r, )|
Q% = liminf ﬂ {w € Q :Vnzm A(W;(w) 1)<1} .
€T m_>+oo = (2 7n \TLK/
{izlai|<€(m+1)}
Indeed
Q, = {w € :dmg € N, Vm>=myg
Ve {U(m),... tm+ 1)} X(w, ) & B(—, 1)
ey R
Um)e () & B &
and X (w, )%B(m,M, m“)
1 1
and Vi for which |z;| < ¢(m + 1) Vn>2m A(W;(w, ), n)<n"ﬂ} (18)

Proposition 3.5 For every x = (x;,i € I) € A, every w in Q, and every i € I, the sequence of
paths (X f’x(w t), ijx(w t),j € I,t € [0,1])sen+ € C([0,1], R x RL) converges in the sense of the
uniform convergence to a limit denoted by (X" (w,t), L@x(w t),7€1,te0,1]).

In order to prove the convergence of the sequence (Xf )¢, we are looking for an upper bound
for |XiZ — Xf /’z| when ¢ belongs to some subset of indices. To this aim we need general estimates
to compare the solutions of two different Skorohod equations.

For a = 1,2, a finite set of indices J(«), an initial condition z(*) = (w(a))ieN in A and a family
of continuous paths w € Co(R*, M), let us denote by (£(*)(t), p{®(¢))o<i<1 the unique A-valued
process solution of the following Skorohod equation

G0 = A7 u)+ [ e+ > / (6(5) ~ () (s), i € I(a). (19)

.

This process is reflected on the boundary of the domain Dyj(,) (D, was defined in (10)).

13



The local time processes p(® = (pz(.;‘))me.](a) satisfy as usually pgy)(O) =0, pl(?) = pg.?) and

pg;é) (t) = fot ][|§i(s),§j(s)|:,,dp§?)(s). The drift function on (R%)J(®) is given here by :

H€) =~ Y Velti— &) +d©), i € I(a),
)

jeJ(a
where (@) = (cga))ie () is an (R%)7 (@)_valued Lipschitz continuous function.

Lemma 3.6 Assume that there exists M,m € N*, Ry>R' > 0 wverifying mR'<Ro and £9=0,
g1 > 0 verifying eo + e1<55; such that :

() €062 ¢ B(— 1) and €0 ¢ Blm, M, 2(eo + 1)
and for all indices i :
(ii) |ZL‘§1)| < Ry or ‘$§2)| <Ry = |x£1) - x§2)\<50 and i€ J(1)NJ(2)
(i) fora=12 |2\ <Ry—R=Vtel0,1] | ®)|<g(R), where R:=R — Mr
1 1

i A > A iy gi
(iv) Vn>m (w n) -

Then, there exists real numbers Cs, Cy > 0 such that, for all i’s for which ]:BZ(-I)KRO —mR

1 1
vielo. gV - 670 < Cs 2o+ Cal + g(R)). (20)
In the proof of Lemma 3.6, we will use the notation
|lwl||¢ = sup (Z lw(ty) —w(tk—1)| : O=to<t1 <ty < - <tp= t>
k=1

for the total variation of the path w on the time interval [0, ¢].

Proof of Lemma 3.6
Due to (i) we note that, for any 1, A(fi(l), L)<e1. Moreover 2() does not contain any (r + e3)-
chain involving more than M particles, where €3 := 2(g9 + £1) .
Remark that, for z € A, the relation "x; is connected to x; by some 7-chain” (or ”there is a
7-chain in x containing x; and x;” ) is an equivalence relation between the particles of .

Let ig be some fixed index such that |z;,| < Rp — R’ and let J(ig) be the set of indices defined by

(1)

J(ip) :={i e N: xl(l) is connected to z; * by some (r + £2)-chain in M}

By construction J(ig) is finite and since e2<{; we have
13 (i0) < (1 + e2/r) M (1 + M)%.
We now enlarge J(ig) by introducing the index set
Trlio) = {i € N: 3j € J(io), |at” — 2P| < R+ e},

It is clear that for j € J(ip), |x§-1) —1:,5;)|<(M—1)(7‘+52). Then, if i € Jg(io), using e2<§; we have

\x(l) —x§1)| <R+ey+(M—-1)(r+e) =R+ Mey—r <R

10
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Therefore :

J(io) C Jrlio) C {ieN: |z —alV| < R} = J1. (21)

By definition of J(ip)

i€ Jio), j ¢ J(n) = |:c51) —wg.l)\ > r+¢eg and \:1:1(2) — x§-2)| > 71+ e9 — 2¢

and thus since £?)(.) ¢ l’;’(%,sl)

1, 16 (t) — V(1)) > r+ ez — 2e1>r and

€ (2)(t) —§§2)(t)] >1r4eg—2g0— 281 =T

i€ J(io), j¢J(G) = Vtelo, —]

Then for v = 1,2 during the time interval [0, %], a particle §i(a) with index i € J(ig) does not
touch any particle with index in J(ip)¢. So most of the local times in the Skorohod equation
disappear and, for ¢ € [0, %] and i € J(ig),

t
g0 =2+ w0+ S (€s) — €()dpl(s),

j€l(io) ’ 0

(@) =w;(t) — = (@) s tc(a) (@) (5))ds.
W (1) Z/w 5<>>d+/02<§<>>d

JGJ

For 2 € A and for any J C N, we denote by 23 = (25,7 € J) € (R%)? the projection of z on (R%)7
and by |z|y = max;ecj |z;| its supremum norm.

Each process (géél)(t))tﬁl /m is solution of a Skorohod equation in (R%)#Go) - Using the bound
43(io) < (M + 1)%, we embed (R?)H(0) in (RO)M+D? and consider ‘SJ(IEYi)o) as a process with values
in (Rd)(MH)d (and state fi(a) = 0 for i ¢ J(ip)). This process can be viewed as a solution of a
Skorohod equation with values in (R%)YN where N = (M 4 1)? particles, for w = (WZ-(O‘), 1<i<N)

with Wi(a) = 0 for i ¢ J(ip) and reflected on the boundary of Dyj(;y) % (RH)N-8(0)  see Appendix.
Note that

Vh >0, A(W(O‘) h)<A(wj, h)) + %h + g(R)h  for indices i for which |x£a)] < Ry — R;

thus, by (iv),

Vn>=m A(W-(a), —)I<—+—+ A

which tends uniformly in R > 0 and ¢ € J(ip) to 0 when n tends to infinity.
So we can apply the result of Lemma 5.2 in the Appendix to the set of paths

{w € Co([0,1], RHN) = for n large enough A(w, 1) ! —+ @ + == 9(8) } .
n

2n n

There exists a constant C5 (depending only on d, N and #J(ip)) such that

e (@) y.7,(@)
10" [ €76 =€ 9)dp (Diesgnll 1. < Cs.

jel(io) 70
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From now on, Cg, C7, ... denote non negative real numbers which depend only on d, ¢ and M
We now apply Lemma 5.1 of the Appendix and obtain for ¢ € [0, 1]

€70 -2 01 <k0 -0,
2
<(|13J(](i J(ZO | + ”W Jio) — J§(20)H1¢) exp (QCSC(DﬂJ(iO)))
S (12l) | — @
éﬁ(\m(io) J(io)‘ + HWJ(z‘O) WJ(io)Ht>’
where Cg := Nexp(205C(DﬁJ(io)))-

By (i) and (ii) we have \fi(l)(t) - §Z( )(t)|<60 + 2¢; for all the i’s such that |xl( - :U |<R’ Thus
using assumptions (3) and (2), we obtain

(1) (2)
HW W o lle

Z Z /\w (€M (5) — €0 (5)) — V(€2 (5) — €7 (5)) s

3
zEJ(zo) jelr(io) ”°

+ Z 3 / V(M (s) — €D ()] + [Vl (s) — €7 (5))]) ds

ZGJ(ZO)JﬂR(lo) 0

+Z/ DD ()] + 2 (€D (s))])ds

16.]] (%0)
V
- Z . gﬂlax) €0 (s5) = €V(s) — €2 (s) + €7 (s)lds + Ng(R)t+ 2 x Ng(R)t
ieJ(i r(io

< NV, /0 €0(s) — €D ()10 ds + 3Ng(R).

Then we have, for t € [0, %],
- t
500 = 67 OI<Chlet? = o2 iy + T [ 160(6) = €2 el + 3Cha(RY- (22

From (21) we see that if |x£;)] < Ry —
apply the above computation to the it"

SRORRI t
< Cole™® — 2@y, +w06/0 €M () —

2R’ and i € JR(ip), then \x51)| < Ry — R' and so we can
particle too : for ¢ € [0, %],

@ (8)|5,(17ds + 3Csg(R).

Since Jg(i) C Jo:={j e N: \ar,g;) — xg-l | <2R'}, from (21) and (22) we have for each ¢ € [0, 1] :

€V P ) < Cola® -2y,

N t _ s
+ VeCs / (cﬁ\xm — 2?3, + VpC / 160 (u) — €@ (w) |5, du + 306g(R)s) ds
0 0

+ 3069(R)t

< Col(1+ VpCst)a™ — 2@y, + (VCo) / / €

= 2
+ 3069(R)(t + V(,DC(;?)

@ (w3, du ds
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Repeating this procedure and deﬁning the set of indices Jj := {j € N : \xgs) - xg-l)] < kR'}, we
obtain for the indices ig for which |:z: ] < Ry — kR :

|§Z.(01)(t) ( )|< Csexp Vgo06t )™ — 2 |J

t1 th—1
VQOCG / / / f(Q) (tk)’Jk dty - - - dtg dt1

+ 3Csg(R)texp(VpCet).

Once more, by (i) and (ii) we have |€()(t;,) — €@ (t;,)|3, <o + 2e1. After the m™ iteration, we
obtain for all indices ¢ for which \xgl)KRo —mR and for all t € [0, 1],

e

g(R) exp(

wcﬁ)m> . (VoCs)™ | 3G )

Wy 2 Tocs/m , (
& () = &7 ()] < eo <C6e YT mmm| mmm m
which is exactly the desired result (20) provided we define

m M m m m m

mmm)! m m

We are now able to prove the convergence of the approximating processes (X f “(w,t), LZ]‘T (w,t),j €

I,t €10,1])pen+, as stated in proposition 3.5.

Proof of Proposition 3.5

Remark first that for a finite range interaction ¢, we could construct in [2] and [3] a sequence of
approximations which is stationary for ¢ large enough and thus converges in the strongest way
possible. This technique is no more valid for infinite range interactions ¢. We will show in which
follows that the sequence (Xf “(w))g is a Cauchy sequence.

We fix m large enough and apply several times Lemma 3.6 to compare on the full time interval
[0, 1] the paths §i(1) = Xf(m)’ (w) and §(2 XZ *(w) for £ > £(m). All parameters will depend on
m: the allowed e;-oscillations with €1 := 1/m" and the domain in which the concerned particles
start their motion depends on some radius R(m) (increasing function of m which will be fixed

later).

We also decompose the second infinite sum in the drift of Xf (m)’x(w) (resp. Xf *(w)) in a finite
sum over J(1) := {i € N: |z;| < €(m)} (resp. over J(2) := {i € N: |z;| < ¢}), in such a way
that the rests are given by

1 1
cgww):—i 3 v@ow—wn—gw“mww’

J:|lzj|=(m)

o Z Vel - fvw“m)

J 5| >¢

For m large enough and initial positions x; small enough (see (23) for a precise relation),

Ptz (X (m)m(w,t)) = 0 and zDZ’x(Xf’I(w,t)) = 0 at any time ¢t € [0, 1] since Xf(m)’m(w) and

14

X" (w) are nice paths which stay confined not too far from their initial positions. More precisely,

we choose the radius R(m) in such a way that
1
m*R'(m) + mo + R(m) <fl(m) <{ with R'(m)= R(m)+ Mr. (23)

The last inequality is in particular satisfied for R(m) = ¢(m)/2m?, which is from now on fixed
equal to this sequence.
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Then, since X" (w) ¢ B(m, L) we have for indices i for which |z;| < m*R/(m), and for all
t€[0,1] |Xf(m P (w, t)|[<Km2R (m) + thus Vept(m-z (X Z(m)’x(w,t)) = 0. The same result holds
for Xf’z.

Thus, for each ¢ € [0,1] and each i for which |z;| < m?R/(m) we have

m"”"

e (X (w, 1) |<g(R(m)) and [l (X" (w, 1))|<g(R(m))

Z 3

Note that since w € Q,, 1 = XUmz(y ) ¢ B(L
Um) < €< tm+1), P = X (w) ¢ B(%

L 1)y B(m M, -L). Also note that for
L) by definition of €.

m’ mk

For t € |0, %], we first apply Lemma 3.6 with (V) = z® = z ¢y = 0, Ry = 2m?R/(m).
Assumption (i) is satisfied as soon as €1 = # < 537 Which is true for m large enough. Then, for
all indices 4 for which |z;| < (2m? — m)R'(m), by (20)

1 m T
Ve [0, ] X (w,0) - X[ (w, ) <e(m)

where the sequence e(m) := Cy (= + g(R(m))) converges to 0.

Fort € [m, m] we apply Lemma 3.6 a second time with z(1) := X M)z (g, %), ) = Xbr(w, %),
g0 =¢&(m) and Ry = (2m —m)R’( ).
Note again that § 1 ( ) ¢ B(E, +) UB(m M,2(-L- 4+ £(m))) because £(m)<2m™* for

m large enough. We get for all indices i for which |x;| < (2m —2m)R/'(m)

vie [— =], X" (w,t) = XPUw, )] < e(m)(Cs + 1),

1 2
m’m
Repeating m times this procedure, for the last iteration with eg = e(m)((C3)™ 24 --- + C3 + 1)
(which is bounded by 2m~" for m large enough), we have for all indices i for which |z;| <

(2m? — m?)R'(m) = m?R'(m),

wte (0,1, |1X/ " (w,t) - X (w,t)] <

m—1
) i
k

=0

< (o + 9RO ()"

Hence, for any m large enough and |z;| < m?R/(m) = £(m)/2 (that is for any ), the sequence
(Xf (.))¢ is a Cauchy sequence for the uniform norm on [0,1] as soon as the following series
converges :

sup X1, t) = X[ 00 < Y (o g(Rm)) ) (Co)

m t€[0,1] ooy m!
C3)™ 14
< Y ( ﬂ?;), + C7 Zg( 2(;”2))(03)771 (24)

It suffices to control the growth of the second series in the right hand side of (24). This convergence
condition determines the class of pair interaction ¢ we may consider between the particles. Indeed,
the function V¢ should decrease fast enough at infinity, in such a way that the function g(p),
introduced as an upperbound of p — supgc 4 Z{j:\£j|>p} |V(&5)|, satisfies

Z(C:a)mg(%;z exp(6(d1+ 1)m1*2”)> < +o0. (25)

m
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The quasi polynomial decay of g proposed in assumption (3) is almost optimal. For such functions
g, there exists real numbers C, C’ such that for large m

(1ex(1
I\ om2 P+ 1)

m1’2“)> < Cexp(_clm(k%)(ub))

for any b > 0 as soon as

0 —. 26
RN TE ) (26)
Furthermore, the convergence of the series (25) is very fast :
308> 0, ¥mg € N' 3 (G (5 t(m)) < G (27)
8 ) 0 3) 9 22 S mo!

m>=mg

Note that Cg may be chosen such that )
sequence satisfying

(C5)™/m! < £ too. Thus, (X{(.))¢ is a Cauchy

mz2mo

sup | X[ (w, 1) — X[, )] < S
m>me tE0:1] mo:
It then converges uniformly in time towards a continuous path denoted by X;**(w). Moreover,
for m large enough and ¢ > £(m),

2C%

sup \Xf’m(w,t) - X" (w, t)| < T

te(0,1]

(28)

We still have to prove the convergence of the local times.
By the same argument as in the proof of Lemma 3.6, there exists for any ig € N, for ¢ sufficiently

large and for kK = 0,1,...,m a finite subset of indices Jz(%,io) containing g such that for each
(S Jé(%7i0) and ] ¢ JE(%a ZO)
l,x l,x —K k k+1
X" (w,t) = X7 (w, )| >r+m™", Vte [E,im ]

Due to the strong convergence estimates (28), for sufficiently large ¢, we can chose the sets JZ(%, i0)

0
to be independent of ¢ and denote it by J(%,io), k=0,1,...,m. Then we have for i € J(%,z’o)

7 % J

l,x vyl k k 1 ¢ lx l,x
X" (w,t) =X (Wam)+M(w>t)_Wi(Wam)_2;/ng0(Xi (w,8) = X; % (w, ))ds
t
£,x Ly {,x
+ > X (w,8) = X (w,9))dL; (w,5), VEE |

3
FEI(E ig) " m

m’

E+1

)

)

3=

Let us denote by pf’x (w, t) the last term in the above decomposition of Xf’x(w, t), that is its local
time. From the Cauchy property of the sequence (Xf "¢, we deduce that (pf’gc)g is a Cauchy
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sequence too : for m large enough and ¢(m)<¢ < ¢(m + 1), for i € J(%, i0)

k k
0.x /+1,x l,x {+1,x £,x {41,z
oy (1) = pi T ()] <!X’ (t) = X)) + X (%)—Xﬁl’ ()l

- Z / V(X7 (5) = X17(s)) — Tip( XA (5) — XIH17(5)|ds

C’g%

Sty S (X7 - X Xt (s) - X2+
+ se[uﬁpﬂ(‘ i <3> i (S)’ +j\x]\£nn?2XR’(m) ’ j (S) j (3)‘)
1 " N i ) )
Yom 2 (Ve(X () = X+ V(X (s) = X5 @)

Jilzj|>m2 R/ (m) 56[%@
Cy 1
<+ —g(R(m))

k+1
Cio. Vie| +
m)!

S -
m

].

k
m’

Then, for indices i for which |z;|<m2R'(m), (pf’$(.))g converges uniformly in time to a process
(with bounded variation) p;~"*(.). Similarly we can prove that the total variation on [0,1] of

pf’m converges to the total variation of p;”*. The proof of Proposition 3.5 is now completed.

3.4 The set (), is of full measure

We show in this section why the set €2, is of full measure with respect to the Gibbs measures.

Proposition 3.7 For any Gibbs measure pn € G(2),z > 0, one has / P(Q;) du(z) = 1.
M
As a corollary, any Gibbs measure j € G(2) has its support included in A == {x € A, P(Q) = 1}.
Proof of Proposition 3.7
We have to prove that / PN Q) du(x) =0

A
By definition of Q, (see (18)),

PN Q) < PAN Q) + PN Q)+ PO~ Q)

Thanks to Borel-Cantelli lemma, [, P(Q ~\ ;) du(z) vanishes as soon as the series

£ [ (e )+ 5 e a1}
+ Z P(Eln >m: AW, %) > ))dﬂ(x)
;| <€(m+1)

converges. We first control the series

Z/ > P(HNZW:A(W@;DT;)M@.

iz | <l(m+1)

This is bounded above by



Exchanging the sums and using the oscillation estimate for the Brownian motion (Proposition
3.2) we get

{(m +1)¢ 1 4_
< 4122 N exp(—gn1 2r)
n m=1

W Z n l(n+ 1)d exp(—%nlf%). (29)

Replacing the sequence (¢(m)),, by its value done in (17), and remarking that x < 1/2, it is clear
that the above series (29) converges.

We now study the convergence of
. 4 £(m~+1) B 1
Z/ ( Xf(m @ B(m’M,W)> + ; P(Xf,ac c B( )))du(l‘)

We shall show a small later (step 1) that for each ¢ € N* and for A = B(0,/), the following
inequalities hold :

\ [ et e oraut) - [ @ine) du(n)‘

< [ sw | [ @) dutaline) — [ @) duto@)| duto (31)
A fI<t]/a A
¢ ZM
ad vne A sw | [ 1@ datelnn) - [ 1) i) <2(1- Z7)
<1/ A zZz
and (step 2) that
ZM 2% ¢
VneAd 0< 1~ 7 <z e /Rd Lyenyyso exp(—¢™"(y)) dy (32)

If inequality (32) holds, due to assumption (9) on %" one gets
+o0 / (
=174

Now for each m , we use (31) twice with © = B (m, M

du(n) < +oo.

,%) and with © = B (m, mﬁ)
Thanks to (31) and (32), in order to prove the convergence of the series (30), we only have to
prove that

£(m+1)
= 1 1
> / Q™ (B(m, M, — Z Q" (B(—. —) >du(77) <00
3 N CEN CORTES S S )
By propositions 3.4 and 3.1, the left hand side is smaller than
4 \M 1-2k
;m (z Cy W) + 2 C Zm:(ﬁ(m+l)—€(m)+1) (m+1)%m exp (— m5 ).

It is then enough to prove that both series converge:

m1—2/@

Zﬂ(m + 1) moexp (-

5 )<+oo
m
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1

In (24), we saw that it is convenient to choose the volume sequence (¢(m)),, as large as possible to

be able to treat interactions ¢ with slow decay. The choice ¢(m) := exp( 1-2%) is (almost)

1
6a+n)
the largest possible in order to obtain (33) (and also the convergence of (29)).

On the other hand, in order that (34) holds, we get the following (sufficient) condition on the
length sequence of the chains :

2
M > —.
> - (35)

It remains to prove (31) and (32).
Step 1 : Proof of (31)

Let us fix £ € N* and A = B(0,¢). For each event © on C([0,1], A), by definition of Q%",

a>\

P(X' € ©) du(a) - [ Q47(8) dur)
< / P(X*¢ € ) du(alnae) du(n / / P(X75(3,) € ©) dul(x) du(n)

If n € A then P(X*"5 (2, .) € ©) = P(X%¥11c € O) i.e. the integrated functions are equal, and

since they are bounded by 1, we obtain :
\ | Pt e )duta) - [ @ (@)iuty ‘ < [ sw | [ 1) duteine) - [ @) duini
A fflist /A A

Since u € G(z), using the conditional density of p with respect to 7% and the definition of ,uﬁ’",
one has for each f: A — R bounded by 1 :

‘/f dpu(zlnse) /f e

e—2IAl

75 ( f(nae) +Z / fynae) La(ynae) exp( S ooy - > w(yi—nj))dy>

1<i<j<n 1<ign

du(n)

1;EA°

o—#B(0,0)] )
T f(nae) +Z n, /d)n (ymae) e 7 Ta(y) dy

n=1

Note that 55"(y) = Z o(yi—yj)+ Z ©(yi—n;) for the y € A™ verifying ynae € A, because
1<i<jsn 1<i§xn
n; EAC

Y5 (y;) = 0 for each i in this case. Thus the above quantity is equal to

e_Z‘A‘ e_Z‘B(Oveﬂ +oo Zn e—ZlA‘ —ZlB Oé e
‘f(W)< - 2 - / Fynae) La(ynae) e 5" @) dy

— +
e z|B(0,£)] T on

£,
R A e "W (Laly) — Lalyme) Tan(y)) dy'

n=1

Since e #IAl = ¢=#BOO] it holds

+o0 n
—z z —B
Z80 = =2l (1 > /A Laynac) e '@ dy)
n:1 . n
< e—Z‘B(Ove” 1 + +§ ﬁ / ][.A(y) e—ﬁﬁ’n(y) dy = Zﬁv"] .
n=1 n‘ (Rd)n
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Since f is bounded by 1, we then obtain :

‘ [ 1@ dutelme) = [ @) o

oAl 2B e—21B0.0)] ZMn
_ N ghn €O LBl gen _ M gaa| Z o (1 2

S A 4n 4,n € z € z 211 0
Z A4 A% A%

and (31) is proven.
Step 2 : Proof of (32)

It is straightforward, only using the definitions of Z27, Z" and %" :

V|
Zf:"] van
e—%1B(0,0)] too g

=2 L6, €n) € P E0ntn) (1—HJIA@(,7AC,T>(&)> déy - - dé,

67 '
7 n — ntJ(rdyn

(287 — 22)

z

efz|B(0,€)| too

Z —
<72 put (€, 6n) € E0te) (Z]{W 0) déy -~ dén

and using inequality (14), this is
g Zﬁﬂ] n'

e—21B(0,0)] X2 o - .
n / ) Ta(e,..., &) e V(&) 20 6_6n71(£2,.‘.7€n)][1pzn y=0 d&i -+ déy
n=0 (Re)m

€7Z|B(0,€)| too sn—1

—_— z
Zin 2 F =)

— _ 27
<= e /Rd Lyagyzo ") dy

Z’I’L

<

n— ) —pb
en L(RE)P1) 2 /Rd Lyen(y)so € VRN gy

3.5 Properties of the limit Process

Until now, we proved that the approximations converge on the set 2., which is of full measure.
Furthermore, for w € Q,, the convergence of the sequence (Xf “(w,t))e is uniform in time. We
thus derive for the limit process, denoted by X", several important properties.

Proposition 3.8 For any x € A and w € §, the process X°%(w,.) satisfies equation () with
initial condition X" (w,0) = x. Furthermore, let To C T denote the set of functions on M
whose first derivative is orthogonal to the normal vector on the boundary of the set A of allowed
configurations, that is :

T { f: M — R local, C*-function such that } (36)
0 for each v € M, if vi,vj € v satisfy |vi — vj| = r then D, f(v).(vi — ;) = 0.

For each function f € Ty,
t
f(X(t) — f(X(0)) — / Gf(X(s)) ds is a square-integrable martingale, (37)
0

where G, the infinitesimal generator associated to the equation (£), is given by

Z (Tr D2 f(7) = Dy f(7): 3 Vel ) (38)

%G’Y Vi€Y
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Remark 3.9 : Since the support of ¢ is not a priori compact, the function Gf is not
necessarily local even if f is local. One can also write G f(y) as an integral under ~:

Gf(v)z% [ (D256 = Dt )V x2) (@) 2 (o)

with (Ve *7)(z) = [pa Vo(z — y) v(dy).

Proof of Proposition 3.8
: : , k k41 . k
We first have to identify the process p;~*(.). For t € [-£, =] and j € J(, o),

1 ¢ i x T
[ it X0 6) = X)) ).

lx
L7 (t) =
()= 4

)

The uniform convergence of (X E’x)g and the convergence in variation of pf’x imply that the right
hand side of the above equation converges to

1

t
/o T yooe () oo () = (X (8) = X757 (5)). dpi " (s).

L3 (t) == 2

v

We then obtain for i € J(£,io) and ¢ € [£ EEL]

m

X% w,t) = X O%(w :1)+W(w t) — - —Z/ V(X (w, s) — X7 (w, 5))ds
_ / (X2 (w0, 5) — X2 (w0, )AL (w, 5), (39)

JEI(Eig) "™

which implies that X°>%(-) is a solution of equation ().

Let us consider a fixed test function f € 7 and the solution X°* of equation (£). The Ito
formula holds for X = X (see e.g. [12], Theorem 27.2) : for any ¢t > 0,

\ 7

If f € 7y, the reflection term vanishes :
t
>0, Y% /0 D (X (5))-(Xils) — X;(5))dLis(s) = 0.
v g

Since f is local and the first derivative of f is bounded, the quadratic variation ), fot |Dx,s)f(X(s))|* ds
of the local martingale term is bounded independently of the initial condition X (0). Thus,
> f(f Dx,5)f(X(s)) dW;(s) is a square-integrable martingale. W
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To complete the proof of Theorem 2.5 it remains to prove the uniqueness. To this aim we
define a new set of paths C C C([0,1],.A). It contains configurations of paths which are clearly
separated on each time interval with length 1/m into small groups (no more than M) of paths
which stay at distance e of the others groups. This set is adapted to the uniqueness problem.
For € > 0 and m, M € N, we denote by C[e, m, M| the following subset of C(]0,1],.4)

E() = (&) : Ve =0,1,...,m —1,3(J})1<i<n disjoint subsets of N with

Cle,m, M] = {jeN: [§(E) <t(m)} =UN,J} and Vi, 1 < §J} < M, such that
Y ' . y E k+1 k k+1
V. -/ . JZ -/ J’L — d (] — — (| —, ————
Z#Z ]E ks J € k (5]([m> m D)gj ([ma m ]))>7”—|—€

We now define the set C as follows :
Q:limsupC[iﬁ,m,M], (40)
m m
with ¢(m), M, k given by (17) and (35).
Proposition 3.10 For any x € A the process X% (.) is the unique one in C which satisfies

equation () with initial condition X°>*(0) = x.

Proof Suppose that Y (-) € C is also a solution of equation (£). For each mg we can choose m=>my
such that, on a set of full measure Q, Y (-,w) € C[-2, m, M] for w € Q.

mh?

Furthermore, for w € Q;, X°%(w,.) belongs to liminf,, C[%, m, M]. Then, for mq large enough,
we can choose m>myg, take J(%,io) 3 ig for which both (39) holds for each £ = 0,1,...,m and
also

m

Vi) =il + Wi = W)~ 5 3 [ Velhils) - Yitods

k+1

bl T

!

)

3=

b [l v, reat

) iO
m
jGJ(%,io) m
Using the same arguments which lead to (28), we obtain

C
sup |Yi(w,t) — X;°(w,t)] < 1

)
t€[0,1] m!

. k.
i€ J(%,zo),

Since we can take m as large as we want, this holds for all i and we obtain X (t,w) =Y (t,w),t €
[0, 1], for w in the set of full probability €, N €. This completes the proof of Proposition 3.10. W

4 Reversibility, Equilibrium equations
and Canonical Gibbs measures

We first present the already known important fact that Gibbs measures are reversible and there-
fore, are Equilibrium measures.
4.1 Canonical Gibbs measures of CG are Equilibrium measures

Proposition 4.1 The stochastic equation () admits a time-reversible solution with values in A
for any initial Gibbs distribution p € G(z). Thus any canonical Gibbs measure u € CG is reversible
too.
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Proof of Proposition 4.1
First of all, we have to be sure that any Gibbs measure u € G(z) has a support included in the
set of admissible initial configurations A. This is already done in Proposition 3.7.

When the initial measure p is Gibbsian, the solution of (£) is approximated by reversible finite-
dimensional processes solution of (Efb’n). This implies its reversibility. More precisely, we have to
prove that for any T € [0,1], for fi,..., fr bounded continuous functions on M with compact
support and for ty,...,t; € [0,T]

//H”m“”dP dp(a //Hszm — 1)) dP(w) du(x)  (41)

But X° is, by construction, the weak limit of X%*. Then equality (41) holds if the following
equality holds :

Jim [ [ Hfzx“‘ HfZX“ ~ 1)) dP dp(x) =0

Like in the proof of Proposition 3.7 Step 1 (see inequalities (31) and (32)), we go back to the
reversible process with initial distribution ug’”

|// [ ex o Hsz“ —t))) dP dyu(x)

k

IIJ) ) )) dQL(X) du(n)

z:
k

+ 2 sup | fi ()| /
ZHlfeA ’

where A = B(0,¢). The first term of the right hand side is equal to 0 and the second term tends
to zero as £ tends to infinity.

An

W()

Any canonical Gibbs measure on A associated to the potential ¢ is also a reversible state for the
process X, since it is a mixture of Gibbs measures (with respect to the activity parameter z).
|

Let us now verify the foundamental symmetry property of the infinitesimal generator G under
any measure p which is reversible for the stochastic system (£). We test the symmetry on 7,
class of smooth functions for wich the It6 Formula is particularly simple.

Proposition 4.2 Let p be a Probability measure on A. If the solution of the gradient-system (E)
with p as initial distribution is time-reversible, then the infinitesimal generator G is symmetrical
on Ty :

Ve /M f Gg du = /Mg Gf dp. (42)

Proof The time-reversibility of the process X solution of (£) implies that, for any time ¢ > 0 and
any f,g € To,

[ [ (s== o e (0) = g(x=2(2)) F(x(0)) ) dP dp(a) =0,
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But, applying the Itd6 Formula and the martingale property (37) one gets

[ [ (s re=0) = gx =) (x=0) dP dpa
// (X0 /Gf X% (5))ds — f(X>(0 /Gg X008 (g ))ds) AP du(z)
/ / [ = 0)G X (5))  FX(0)Gg(X™() dP du(a)ds

Since the paths t — X°%(t) are continuous at time 0 and G f and Gg are bounded C°-functions
when f and g belong to 7y, we conclude by dominated convergence

lim — / // (X%(0))Gf(X™"(s ))*f(Xoo’m(O))Gg(X"o’m(s))) AP dy(x)ds

t—0 t
- / / (X% (0))G F(X(0)) — F(X™(0))Gg(X>%(0))) dP dyu(z)

= ngdM—/ngdM
M M

By connecting the result of Proposition 4.2 to Proposition 4.1 we conclude that any canonical
Gibbs measure p is an Equilibrium measure in the sense that the infinitesimal generator G is
symmetric under p on the set of test functions 7y, see (42).

In a finite-dimensional context, the Symmetry Property (42) under p - also called Equilibrium
equation - would be strong enough to characterize the reversible measures y as Gibbs measures.
Unfortunately, in our context, 7y is too small to generate all functions on which G is symmetrical.
For this reason, equation (42) is a necessary condition for p to be time-reversible, but we can not
directly prove the converse statement. To overcome this difficulty, we may reason in the same
way as in [4] where the case of finite range interaction was treated. We introduce below a set of
localizing functions, called security functions, which control the collisions between particles in a
bounded region of the space R?. The symmetry of G under p on such functions, as stated in (44),
will be a sufficient condition for u to be reversible.

The security functions are used as ” collision detectors” : they vanish for configurations containing,
in a bounded region, hard balls which are too close.

Definition 4.3 For any R > 0 and for € > 0, we define the function Sg on M by

- . . RN B
$5:0) = T 2 B0 () (1= [T Toeo=2471)) 3)

2
Vi€Y Y5 €Y

where I] 00,0] 48 a C* non-increasing function with value 1 on | —00,0] and 0 on [1,+oo|, and
where IB(O r) 8 a C* function from R? to [0,1] with value 1 on B(0,R) and value 0 on the

set R~ B(0, R+ 1). Here IT[Q’JFOO[ denotes some fized C°° non-decreasing fonction vanishing on
| — 00, 1] with value 1 on [2,+o0l.

Remark that the function S%, is element of 7, and is B(0, R + 1 + V72 4 2¢2)-local. However,
S% does not belong to 7y, since its derivative D.,S%(7) is not orthogonal to v; — v; for v; €
B(0, R+ 1)~\B(0, R) and |y; — 7;| = r, as required in definition (36). The reader can find in [4]
details about these functions. Their main property is the fact that they increases a.s. to 1 as ¢
decreases to 0.

We now can state the
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Proposition 4.4 Any canonical Gibbs measure p € CG with support included in A satisfies the
following Detailed Balance Equation

VR > 0,e > 0,Vf,g B(0,R) — local in T , / e Gggr du:/ 9n Gfp du (44)
M M
where [ := fS% and g% := gS% .

Proof In Proposition 4.4 of [4], we proved a similar result for a finite-range interaction ¢. The
arguments can be extended to the infinite range context in a straightforward way with the differ-
ence that even if f and g are local functions, now Gf, Gg, Ggg, G f; are no more local. We refer
the reader to [4] for details. W

We will see in the next section that (44) is a sufficient condition for p to be canonical Gibbs.

4.2 Equilibrium measures are Canonical Gibbs

The assumptions on p in Theorem 2.7 look relatively strong, but they are physically natural in
the following sense :

e As remarked by Lang ([10], Bemerkung 4) and by Georgii ([7] page 42), the finite-volume
projections of any "reasonable” equilibrium measure should be absolutely continuous with
respect to the (finite-volume) Poisson point process. Indeed, it seems well-known among
physicists that equilibrium measures are of Gibbsian nature with respect to an unknown
potential (to be identified).

e Furthermore, the existence of local conditional densities up implies that the support of
the initial measure p does not contain pathological configurations like those with collisions
between two hard balls. In particular, the measure p does not carry any closest packing
configuration. Anyway, it is clear that measures carrying closest packing configurations
cannot be equilibrium measures for a random dynamics containing a Brownian oscillation
like equation (&).

The arguments for the proof of Theorem 2.7 follow closely those of [4], section 5, where we

proved a similar result for finite-range interactions ¢. See also [7] for the case of interactions
without hard-core. We only sketch the proof and refer to [4] and [7] for technical details.
Let p be a Probability measure on A C A with smooth local conditional density ua(.|nac) with
respect to mp. One first proves that if the Detailed Balance Equation (44) is satisfied under p, by
testing it on a class of well choosen functions f and g, then the Campbell measure C,, associated
to p satisfies a symmetry property. C, is defined as usual on R? x A, for any regular function f,
by

/Rdfo(y,n)Cﬂ(dy,dn) = /A/Rdf(y,n)n(dy)u(dn)-

It satisfies for any positive measurable local function F' on R? x R% x A,

/ / e EWIm) By of iy dy C,(dy,dn) —/ / e BV By py) dyf Cpu(dy, dn).
Rix A JRA RixA JRE
(45)

In the above formula, the function E(y|¢) denotes the one-point energy of the point y € R? with
respect to the configuration &. Its value is equal to >, ¢(y — &) if y§ € A and +oo otherwise.
To complete the proof of Theorem 2.7 it suffices to show that measures p which satisfy equation
(45) are elements of CG. This was already done in Proposition 2.29 [7] for interactions without
hard-core (resp. in Proposition 5.2 [4] for finite-range interactions with hard-core). These proofs
can be extended to our framework without difficulty.
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5 Appendix
Regularity estimates for the solution of a Skorohod equation

The existence and uniqueness of solutions of Skorohod equations were studied by many authors
(Tanaka [21], Lions and Sznitman [11], Saisho [16]). The Skorohod equations we are interested in
are defined on D,, = AN (R%)" with reflecting boundary dD,, :

0Dy, = {(21,...,2,) € RY™" : Vi £ i |2; — xy|>r and 35, § |z — x| =7}

For a given w € Co(R*, (RY)") and = € D,,, the equation is :
n
G(t) =i +wi(t) + > (1), 20, 1<i<n. (46)
j=1

A solution is a pair (¢,1) € C(R*,D,,) xCo(R*, (R4)") satisfying (46) and the following condition :
[ has bounded variation ||/;;||; on each finite time interval [0, ¢] and satisfies

t t
lij(t):/o (Gi(s) = Gi(s))dlllijlls, ||lij||t:/0 L, (s)—¢;(s)|=rClllig]ls- (47)

Saisho and Tanaka (see [17] theorem 4.1) proved that the domain D,, satisfies a uniform exterior
sphere condition called Condition (A) and a uniform interior cone condition called Condition (B),
and therefore Skorohod equation (46) admits a unique solution.

Moreover, Saisho (see [16] proof of proposition 4.1) proved that, under an additional Condition
(D), this unique solution satisfies a Lipschitz continuity property as a function of w(-) and z. We
proved in [5] lemma 2.2 that Condition (D) holds for any domain satisfying Conditions (A) and
(B), so that the Lipschitz continuity property holds on D,, :

Lemma 5.1 Let ((.) (respectively ¢'(.)) denote the unique solutions of Skorohod equation (46)
for w € Co(RT, (R)™) and x € D,, (resp. for w' € Co(RY, (RH)") and 2’ € D,,). Then there exists
a constant C(D,,), depending only on the geometry of the domain Dy, such that for each t=0,

6(t) = DIl = w'lle + o = ') exp (CDR Ll + 171:) ). (48)

Remark that the constant C'(D,,) in the above Lemma a priori depends on the number n of
particles.

In [16] (Theorem 4.2) one also finds the following estimate.

Lemma 5.2 The total variation ||l||; of the process I(t) satisfies

1]l <f(A(w, §),sup |w(s)|), 0<t<1,

ER

where the function f only depends on the geometric characteristics of the domain D,,. Moreover,
the functional w — f(A(w,0),supyg; |w(s)|) is bounded on each set of paths W C Co(R™, (RH™)
satisfying lims_.o sup,,cyy A(w, ) = 0.
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