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1 Introduction

One of the most fundamental problems in Statistical Mechanics is the characterization of the
family of all stationary or reversible measures of stochastic dynamics.

Kolmogorov analysed in his pioneer paper [13] the strong connection between time-reversible dif-
fusions and Gibbs measures in the context of finite-dimensional processes. Since that time it
has been extended to several stochastic models. Let us refer, among others, to Doss and Royer
[4] for infinite-dimensional interacting Brownian diffusions on a lattice (see also [1] for an al-
ternative proof), to Iwata [12] for P(y);-time diffusions, to Funaki [9] for a multi-dimensional
Ginzburg-Landau continuum model or to Sakagawa [26] for a Ginzburg-Landau model of conser-
vative type. Here, we consider the following continuous model : an infinite system of hard balls
in R%, undergoing Brownian motions and submitted to the influence of a smooth finite range pair
potential.

On one side, a system of infinite Brownian particles (i.e. balls with radius 0) with smooth pair
interaction has first been treated by Lang who constructed it in [14] as solution of an infinite-
dimensional stochastic differential equation (see also [8]). Lang also proved in [15] that the
canonical Gibbs measures associated to the smooth potential are the unique reversible measures
for such dynamics. Georgii obtained in [10] with different techniques a similar result for infinite-
dimensional Brownian diffusions associated to more general smooth potentials. On the other side,
a system of infinitely many Brownian balls submitted to an external finite range pair potential
was constructed by the authors in [5] (only for Gibbsian initial distribution). See also [29] for the
case without external potential and [7] for an extension to infinite range pair potentials . The
system is the unique solution to an infinite-dimensional Skohorod type equation (see equation
(€) stated in section 2) where the hard core situation - balls cannot overlap - appears as a local
time term in addition to the basic Brownian motion. We also proved in [5] that Gibbs states are
reversible measures but we did not describe the structure of the family of all reversible measures.
The goal of this paper is to clarify this last point.

In section 2 we introduce the infinite dimensional equation (£) and state the main results.
In section 3 we construct a strong solution for (£) for an explicit set of deterministic initial
conditions. We connect in section 4 the time-reversibility of the system with a symmetry property
of the associated infinitesimal generator : it is the so-called Detailed Balance equation. In section
5 we show that any measure satisfying the Detailed Balance Equation also obeys to an integral
equation exhibiting a symmetry property of the associated Campbell measure. We conclude the
proof of the main theorem by proving that such a measure is necessarily canonical Gibbs.

2 Dynamics and main results

2.1 Configuration spaces

The particles we deal with in the present paper move in R?, for a fixed d>2, endowed with the
Euclidian norm denoted by | |. B(y, p) will denote the closed ball centered in y € R? with radius
p > 0 and more generally, for any A C R%, we define

B(A, p) = {y € R? such that d(y, A)<p}

where d(y, A) denotes the Euclidian distance between 3 and A. The volume of a subset A in R?
is also denoted by |A]|.

The modelization of point configurations may be done in two equivalent ways :
The first possibility is to represent an n points configuration in R¢ as a subset (with multiplicity)
of cardinal n in R?. The second possibility is to modelize it as a point measure > 0g, on R,
More generally, the set of all point configurations in R? will be the set M of all point Radon



measures on R? :

M= {f = 25& such that I ¢ N, & € R? and for all A compact in R?, E(A) < —|—OO} )
iel

M is endowed with the topology of vague convergence. By simplicity, we will identify any point

measure £ € M with the subset of R? {¢;,i € I} corresponding to its support and with the

representants of this subset in (R%)!, writing for example &4 = £ N A for the restriction of this

configuration to A C R¢, &n for the concatenation of both configurations ¢ and n; in particular, if

y is a point in R? belonging to the configuration 7 we write 7~y for the configuration n without

the point y.

M N (RH™ is the set of all n points configurations.

We introduce the following notations.

e For A C R?, N, is the counting variable on M : N (&) = Card{i € N, € A}.

e For A C RY, By is the o-algebra on M generated by the sets {Ny =n}, n € N, ACA, A
bounded.

e 7 (resp. my) is the Poisson process on R? (resp. on A) with intensity measure the Lebesgue
measure dy (resp. dy|a).

e For z > 0, m° (resp. %) is the Poisson process on R? (resp. on A) with activity 2, that is
with intensity measure z dy (resp. z dy|a).

The particles we deal with in this paper are not reduced to points but are hard balls or spheres
of diameter r, for a fixed » > 0. So the set of allowed configurations is the following subset of M :

A = {¢€ € M such that Vi # j |§ — &>} .

We will also use the set Ay = {£ € A such that Vi & € A} of allowed configurations with support
in A ¢ R%

Remark 2.1 : (i) The number of hard spheres in a unite volume of R? is bounded. In
particular, if the evolution of the particles is defined by an interaction potential with finite range
R > r, a fixed particle can interact with at most a finite number N of particles, where N only
depends on d, R/r, and the density of the densest packing of equal spheres.

(ii) Furthermore, a fixed particle of any allowed configuration can touch at most a fixed number
7(d) of other particles, where 7(d) is the d-dimensional kissing number.

Proof (i) The sphere packing problem asks for the densest packing of balls of the same size into

Euclidean d-space. It is trivial for d = 1 : the maximal density A(1) (that is the proportion of
the space which is occupied by the spheres) is equal to one. The answer for d = 2 has long been
known : the standard hexagonal packing is optimal (cf. Figure 1) and A(2) = 7/v/12 = 0.9069....
The famous case d = 3 was only very recently solved by Hales [11], who proved the old Kepler
conjecture : A(3) = 7/v/18 = 0.74048 and the so-called face-centered cubic packing is optimal.
See [2] for an extensive study of the state of the art in 1998 and [20] for a recent review of the
new proofs.
For d > 4, the value of A(d) is not exactly known but there exist upper and lower bounds. The
function d — A(d) is decreasing and the bounds which seem to be the best at this day are given
by Rogers ([21] page 20) : 274 < A(d) < 27059904 Thys, let A be a convex subset of R? and
¢ € A such that A contains at least two points of £ (INA(§) > 2). Then Ny (§) < A(d)% ;
in particular, for A = B(0, R),

N = sup N (6) ~ 1 < Ad) (FE22) 1= aga) (14

2R)d 1
cA /2 .
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(ii) The kissing number 7(d) (also called Newton number or contact number) is defined as the
number of hard spheres that can touch one sphere in dimension d. It is trivial that 7(1) = 2 and
for d = 2 7(2) = 6 (see Figure 1). In three dimensions, the value of 7(3) was the subject of a
famous discussion between Newton (who believed the answer was 12) and Gregory (who thought
that 13 may be possible) in 1694. The correct answer is 12, and the first complete proof was given
in 1953 [27]. Up to now, the exact value of 7(d) is only known for three dimensions above d = 3 :
7(4) = 24,7(8) = 240, 7(24) = 196560 (see [19] for the most recent progress on this topics).

Figure 1: N =18 if d =2 and R = 2r.

2.2 Interaction potential, associated Gibbs and Canonical Gibbs measures

For a complete description in a general framework of the concepts introduced in this section, we
refer the reader to [10].

We are dealing with hard balls with diameter r submitted to the action of a pair potential,
which is a function on R? of class C? with finite range R > 7, i.e. satisfying p(z) = 0 if |2|>R
and p(x) = p(—x). Due to the hard core situation the values of ¢(x) may be chosen arbitrarily
for |z| < r. In particular, one can assume without restriction that ¢ vanishes in a neighborhood
of 0 and that V¢(0) = 0. Since ¢ has compact support, it is bounded from below : the smallest
value of interaction between two particles is given by

e = inf p(z) <O0.
= =z
If this real constant is zero there exists only repulsion between the balls; if it is negative there
exists an attraction domain around each ball.
The energy of a configuration £ € M submitted to the potential ¢ in the compact volume
A C R? with the boundary condition n € M is given by :

1 .
3 Sooele &)+ >, e&—my) iféanac €A

Ex(€n) = €6, eN N mehe (1)
+00 otherwise.

(the condition ampe € A corresponds to configurations for which &4 € A, nae € A and no ball of
Nae is overlapping a ball of £y ). This finite-volume energy is well defined since both sums contain

‘B(A’T/Q)l‘ﬁ terms, see Remark 2.1. Moreover, e~ Za&m) vanishes as soon as the

no more than B/



configuration &xnac is not allowed.
By extension, we can define a one-point energy as follows : for z € R and n € M,

Zg@(m—nj) ifane A
nj

+o00 otherwise.

E(z|n) = (2)

(this function is finite if and only if 1 is an allowed configuration for which the configuration xn
with one extra ball centered in x is still allowed.)

We now define the set G(z) of Gibbs measures on A associated to the potential ¢ with activity
parameter z € RT. For each compact subset A of R?, let us define a local density function with
respect to the Poisson Process w3 by :

F7(€lm = —1 exp(~Ea(€ln) 3)

where the so-called partition function Zé\ "1 is the renormalizing constant :

+o0o n
_ z
n=1 . AT

Due to the hard core, the above series reduces to a finite sum and 0 < Zé\’n < +00.

Definition 2.2 A Probability measure pn on M belongs to the set G(z) of Gibbs measures on hard
balls with activity z and associated potential o if and only if, for each compact subset A C R?,

dp(§]Bae)(n) = fA(€ln) dmk(§)  for p-a.e. 1.

Remark that any Gibbs measure in G(z) has its support included in .A. Dobrushin proved in [3],
using compactness arguments, that there exists at least one element in G(z) when the potential
contains a hard core component. Furthermore the set G(z) is convex and compact. About the
cardinality of G(z), remarking that the sum of the hard core and the smooth potential ¢ is su-
perstable and lower regular in the sense of Ruelle [23], we do the following remarks :

- If z is small enough, Ruelle proved that uniqueness holds (see [22] Theorem 4.2.3). In our case,
a sufficient condition would be : z < N2 1(|B(0,7)| + [ Loy <rl1 = e~ W |dy)~1.

- For z large enough it is conjectured (see [22] and [10]) - but still not proved - that phase transi-
tion occurs : Card G(z) > 1.

See also [18] for a construction of a hard core Poisson Process with applications in percolation
theory and [30] for the description of such a process as a Gibbs cluster process.

We now define the set CG of canonical Gibbs states on A associated to the potential .

Definition 2.3 A Probability measure u on A belongs to the set CG of canonical Gibbs states on
A for the pair potential o if and only if, for each compact subset A C R? and n € N, for pu-a.e. n,

1 .
W][NA(g):n exp(—Ea(§[n)) dma(§)  if AR

dpu(&|Bae, Na)(n,n) =
0 otherwise,
where the partition function Z™"™ for the particle number n is the finite renormalizing constant :

o—IAl




Since the potential ¢ is bounded from below by ¢, using Remark 2.1 we deduce that the map
y +— Ea(y|n) is bounded from below on R? by ¢ N. Thus Georgii’s conditions (6.11) and (6.12)
from [10] hold, which allows to apply Theorem 6.14 of [10] and to deduce that the set of canonical
Gibbs states CG is obtained by mixing elements of different G(z), z € Rt : for any pu € CG there
exists a probability measure # on RT such that

= / w, 0(dz) with p, € G(2) for each z € RT. (4)
R+

2.3 The stochastic equation (£) and statement of the main results

Let (2, F,P) be a probability space with a right continuous filtration {F;};>0 such that each
Fi contains all P— negligible sets and let (W;(t),t>0);cn be a family of Fi-adapted independent
d-dimensional Brownian motions.

Let us denote C(R™, M) (respectively C(R*,A)) the set of continuous M-valued (resp. A-
valued) paths on R*, endowed with the topology of uniform convergence on each compact time
interval.

Let ¢ be the smooth pair potential with finite range R introduced in the previous subsection.
We consider the following infinite gradient system of stochastic equations satisfied by the Brownian
balls :

For i € N,t € R,

©9 Xl = X0+ W) =5 3 [ Velxits) = Xy(s)ds + 3 [ (i60) = Xy (a))aLiy o

jEN jEN
where
o (X;(t),t20);eny € C(RT, A) satisfies | X;(t) — X;(¢)| > r for t=0 and i # j;

o (L;j(t),t=>0); jen is a family of non-decreasing R*-valued continuous processes satisfying :
t
Lij(O) = O, Lij = Lji and Lij(t) = / ][|Xi(s)fXj(s)\:r dLZ'j(S), L“' =0.
0

A solution of the system (£) with initial condition x € A s a family (X7 (¢), L{;(?),t>0,4,7 € N)
of processes such that equation (£) is satisfied with X (0) = x.

Theorem 2.4 The stochastic equation (£) admits a solution with values in A for any determinis-
tic initial configuration which belongs to the set A C A defined by A={x € A : P(QFNQY) =1}
(sets QF and QF are given in (8) and (9) ). Moreover if the initial configuration is random with
distribution p € G(2) for some z > 0 and p(A) = 1, then this solution is time-reversible, that is

its law is invariant with respect to the time reversal.

Remark 2.5 : The solution of equation (£) is unique as element of a set of regular paths
C C C(R*, A). See proposition 5.4 of [6] for details.

The construction of a solution for (£) when the initial condition is a fixed deterministic con-
figuration is given in section 3, Proposition 3.1. The reversibility for an initial Gibbs measure is
proven at the beginning of section 4, in Proposition 4.1.

We are now ready to state the main result of this paper.



Theorem 2.6 Suppose that j1 is a probability measure on A with ji(A) = 1. Furthermore, suppose

that for every A compact subset of R and p-almost all n, p(.|Bac)(n) is absolutely continuous
with respect to ma and its density up(.|nac) has the following differentiability property :

VE € Ay, the map x — up(x€|nac) is Ct on ANB(Enpe,r) and its derivative

Vua(aine) verifies [ [ s [Vusatinae)| ma(dntdn) < v )
AJAx z€ANB(Enpc,r)

If p is an equilibrium measure for the gradient system (E) in the sense that the Detailed Balance
Equation (15) holds under p, then p is a canonical Gibbs measure in CG.

Let us remark that measures which are locally absolutely continuous with respect to the
Poisson Process, as in the above Theorem, only carry configurations without collisions.

Lemma 2.7 Let ju be a Probability measure on M. Suppose that for every A compact subset of R%
and p-almost all n, p(.|Bac)(n) is absolutely continuous with respect to wa with density up(.|nae).
Then

p({y € M :3i,j, v — vl =r}) =0.

Proof We first remark that

+oo

n=1

so we just have to prove that for any compact set A C R? we have u(c(A)) = 0 where ¢(A) C M
is the set of all configurations which contain a collision in A : ¢(A) = {y € M : 3i, 4, |y — 5| =
r with 7; € A and 7; € A}. By local absolute continuity of 1 with respect to m we have :

u(e(A)) = /M /M Loy (7) ua(2lnac) ma(dy)p(dn).

Thus we only have to prove that ma(c(A)) = 0. This is straightforward since Lebesgue measure
in R? does not carry any finite union of hyperplanes :

+o0
1
—[A
ma(c(A)) = e~ kZZ - /Ak Tmi ooy (1, ) iy -+ g = 0

3 Construction of a strong solution

The solution of (£) will be constructed as a limit of approximating processes (X');en+ by penaliza-

tion. In [5] and [7] we did it in a reversible framework. Here we need an explicit contruction of the

set of allowed initial configurations and a pathwise construction in a non-reversible framework.

Since the proofs are very technical, we only present a squetch of the construction and refer the

reader who wants more details to [6].

A visualization of the approximating processes moving in R? may be found at : math.univ-1illel.fr/~fradon

3.1 Approximating processes

In this whole subsection, | € N* is fixed. To simplify we restrict the study of the paths on the
time interval [0,1]. It is obvious that all the results in the sequel hold true on any time interval
[0,T], T>1, up to a change of constants.



We construct the approximating process X' in order that it “essentially” stays in the bounded
cube A; = [—1,1]¢ (in a sense which will be clear soon). To obtain such a behavior, we introduce
in the equation (£) a supplementary gradient drift V1" which vanishes in a subset of A; and is
repulsive outside of A;.

More precisely, for any allowed configuration n € A which support is disjoint to A;, we fix a
R*-valued function "7 on R? which is C? with bounded derivatives and vanishes on each (and
only on) y € A; such that yn is an allowed configuration, that is

Py =0 e yelhN=[-L]%andyne A & yeA=[-11%anddy,n)>r

We extend the definition of /%" to any configuration n € A by : ¥ = wl’mlc. We also choose
the family (¢!"); such that, for every n € A,

> /Rd Lyingyso exp(—""(y)) dy < 1. (6)

leN*

For n € A and n € N*| let us now define the n-dimensional stochastic differential equation :
Vie{l,...,n}, for 0 <t <1,

1
| axi =amiw - 5( Y0 Vel - X0+ > VelXilt) —ny) )t
(gn’n) Jj=1l,..n JjmjEAC
— SVMI(XG()dt+ Y (Xi(t) — X;(t))dLi(t)
Jj=1,...,n
with L;; = Lj; for all i and j and L;;(t) = fg L x;(s)— X, (s)|=r dLij(s)- (E}l;”) is a n-dimensional

(
stochastic differential equation reflected in A N (RY)™ with gradient drift —%Vﬁf{" where

e ) = S (W) 45 X ew—m)+ Y elm-m). (@)

i=1,....,n j=1,..n JmjEAC

Since the drift —%Vﬂf{n is bounded and Lipschitz continuous, (£5") admits a unique strong solu-
tion for each initial n-point configuration z € AN (R?)™ (see thorem 5.1 of [24]). We denote this
solution by X'""(z,-). For a general initial configuration = € A, we extend the above process as
follows :

XHE() = XN gy, Jaag
where 7 = zp¢ and n = Card(z N A). It is an M-valued (not necessarily A-valued) process with

initial configuration x. Particles which are initially in A; move like the (Sql{”)—dynamics and the
other ones stay fixed outside A;.

3.2 Convergence for a deterministic initial condition

In this section, we construct the limit of (X**); when [ — +4-oc for convenient initial configurations
x. This is possible except for certain so-called bad paths w : they are paths such that at least a
particle interacts with a great number of other ones, either because it moves very fast, or because
it belongs to a large chain of interacting particles. So, for m € N, a > 1 and ¢ > 0, the set of
“Bad trajectories” B(m,a,¢) is the union of two sets :

B(m,a,e) = B(m,a,&)U lZS’(m,s).
The set B (m, a, e) contains paths for which a particle ¢ has a high modulus of continuity w defined
1
as usual by w(X;, —) = sup | Xi(t) — Xi(s)] :
m

0<s,t <1t —s|< L

B(m,a,e) = {X € C([0,1], A4) : Fi, w(X;, %) > Z and 3t<1, | X;(t)|<a+ 2m2}.

8



The set B(m, ¢) contains paths for which at some time a large chain of particles interacts :

I e{0,...,m—1},Tiy, - ,in € N*,

i k k k k
B(m,e) = { X € C([0,1], 4) : IXz-Q(m)—;Ql(m)ISkR+e,-~-,IXz' () =X () < Rte
and]Xin( )_Xi1( )\>m—R—€

m m

For x € A let us define the set Qf as follows :

Qf = limyinf () Tminf { X' ¢ B (m(p,0), p + m(p,0),2) Jn{ X" & B (m(p,0), p + m(p,1),2) |
{e: €N} oy 17Ho0
(8)

where m(p,l) = [\/I—p—1] — 1.

We also define the set of paths :

Of= () liminflimsup {X”‘” ¢ B(p, R, 6)} : )
P70 I tso
{e:éGN}

Proposition 3.1 For every x € A, for everyw in ) and everyi € N*, the sequence (Xz-l’x(w, t), Li’jx(w, t),j €
N, ¢ € [0,1])ien+ of elements of C([0,1], RYxRL) converges to a limit denoted by (X;*" (w, t), Lg; ™" (w, 1), j €
N,t € [0,1]).

Moreover, if w € QF NQF, (X% (w,.), ij’m(w, )
Thus, for anyz € A={¢ € A: P(Q5N Q%) =1
with initial condition .

) satisfies equation (&) with X" (w,0) = z.
}, the process (X°, L") is a solution of (£)

Proof See sections 4 and 5 of [6]. W

Remark that for any x € A, the convergence of the sequence (X l’w)l towards X" takes place

in C(RT, M).

4 Reversible measures

We first present the already known important fact that Gibbs measures are reversible.

4.1 Canonical Gibbs measures in G(z) are reversible for ()

Proposition 4.1 The stochastic equation () admits a time-reversible solution with values in A
for any initial Gibbs distribution p € G(z) with u(A) = 1. Thus any canonical Gibbs measure

p € CG with support included in A is reversible too.

Proof
When the initial measure u is Gibbsian, the solution of (£) is approximated by reversible finite-
dimensional processes solution of (£;"). This implies its reversibility (see proposition 5.5 of [6]
for a detailed proof).

When the initial measure is canonical Gibbs, it is reversible as a mixing of Gibbs measures, which
are reversible.

In the next proposition, we claim the existence of Gibbs measures with support included in
the space of allowed configurations A.

exp( 2N£ )

& B "

Proposition 4.2 Let z. be the following value of the activity : z. =

Gibbs measure p € G(z) with 0 < z < 2. has its support included in A.

9



Proof See [6] proposition 5.1. B

Remark 4.3 : The critical value z. given here appears for technical reasons in a percolation
type estimate. For z > z. Gibbs measures of G(z) are also reversible (see [7] Proposition 3.1) but
we are not able to give an explicit simple description like A of their supports .

4.2 The infinitesimal generator A and the spaces of test functions

Let us first introduce some definitions of differentiability for functions defined on the space of
configurations M.

Definition 4.4 A function g on M is local if there exists a compact set K C R? such that g(vy)
only depends on YN K, i.e. Yy €M g(v) = g(vk). Such a function is called K -local.
A local function g on M s called C* if for any n € N* the function defined on (RH)™ by

(1,7 s Wm) g(z 8,;) is Ck. For any v € M, Dyg(zvy) and D2, g(x7) denote the first
i=1

and second derivatives of yr— g(yy) at y = z.

Remark that any local C° function is bounded and that any local C! function has a bounded

derivative : sup sup |D.g(xv)| < +o0.
zERL yEM

Definition 4.5 7 denotes the set of all local C? functions on M.

Since we study a dynamics with reflection on the boundary of the set of allowed configurations,
it is natural to use the following set of test functions.

Definition 4.6 Let 7o C 7 denote the set of functions on M whose first derivative is orthogonal
to the normal vector on the boundary of the set A of allowed configurations, that is :

o { f:M—R st fislocal, C* and } (10)
0 for each v € M, if 5,y € v satisfy |vi — vj| = r then Dy, f(v).(vi —vj) =0

Let us consider a fixed test function f € 7 and the strong solution X of equation (&)
constructed in section 3. The It6 Formula holds for X = X (see e.g. [17], Theorem 27.2) :

For t € RT,
FX(0) = FX0) + 3 /0 D,/ (X(5)) dWi(s)
ieN
_ % Z/ D, F(X(5)). 3 Vip(Xi(s) — X;(s))ds
ieN V0 . jEN
F30 [ D X)) = X555
ieN jen 0

! tT D3 X d
+22/0 (D, (5)x:(s)f (X (5))) ds

i€EN

If f € 7y, the reflection term vanishes :

S5 [ D FX)(Xi(s) = X)Ly () =0,

ieN jeN

Since f is local and f’s first derivative is bounded, ) . fg Dy, (s)f(X(s))]* ds is bounded in-
dependently of the initial condition X (0) and thus, ) ;. fg Dx,s)f(X(s)) dWi(s) is a square-
integrable martingale. Consequently, for each function f € 7y,

F(X(t) — f(X(0)) — /Ot Af(X(s)) ds is a square-integrable martingale, (11)

10



where A, called the infinitesimal generator associated to the stochastic differential equation (&),
is given by

Af(v) = 5 Z ( %’yl — D, f(vy Z V(v ) 12)
zEN N
= 5 [ (BD210) — Daf ()T ) (@) ()
Rd
with (VQO * 7 f]Rd V(p T — ) 'Y(dy)

Remark 4.7 : For any g € 7 the function Ag is still local. More precisely, if g is A-local
then Ag is B(A, R)-local :

Ag(n) = —// )-V(z — )n(dy)n(de;/TrDixg(n)n(dw)

= —2/A/B(A7R) ng(nA)-Vw(w—y)n(dy)n(dx)+;/ATrDﬁxg(nA)n(dl‘)
1

T2 /A ( = Dag(a)-Veoxnpam (@) + TfDﬁxg(nA)) n(da)
= Ag(nB.R)-

Let us now verify the foundamental symmetry property of the infinitesimal generator A under
any measure g which is reversible for the gradient-system (&).

Proposition 4.8 Let p be a Probability measure on A. If the solution of the gradient-system (E)
with p as initial distribution is time-reversible, then the infinitesimal generator A is symmetrical
on Ty :

vigeTs [ fagdu= [ gAafdp. (13)
M M
Proof The time-reversibility of the process X solution of (£) implies that, for any time ¢ > 0 and

any .9 € T,
E(9(X0) F(X0) = 9(X0) (X)) = 0.

But, applying the Ité6 Formula and the martingale property (11) one gets

B(o(X0) 1 (X)) = 9(X)f(X0) = B(o(Xo) [ A7 (X)ds — £(Xo) /OtAg<Xs>ds)

t
= [ Bl0ar(x) - f(X0)A9(X.))ds
= 0.
Since the paths ¢ — X; are continuous at time 0 and Af and Ag are bounded C° functions when

f and g belong to 7j, one obtains

tim L [ B(g(X0)AF(X,) — F(Xo)Ag(X))ds = E(g(Xo)AF(Xo) — F(Xo)Ag(Xo))

= /gAfdu—/ [ Ag du
M M
= 0.

In a finite-dimensional context, the above Symmetry Property under p would be strong enough
to characterize p as a Gibbs measure. However, the configuration space we are dealing with is
infinite-dimensional, and the space of test functions 7 is too small to generate all functions on
which A is symmetrical. Thus, we introduce in the next subsections a local version of (13), which
will be satisfied for the whole set of test functions 7.
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4.3 The security functions

To localize (13), we define a family of security functions used as ”collision detectors” : they vanish
for configurations containing, in a bounded region, balls which are too close.

Definition 4.9 For any fized compact set K C R? and for e > 0, we define the function S% on
M by
2

- . - i —l> =7

S5) = Taoy | 2Tk 0) (1= T Tproet(—5—5)) (14)
ieN jEN

where ]NI],OO,U] is a C* non-increasing function with value 1 on | — 00,0] and 0 on [1,4o00|, and

wherej[K is a C* function from R? to [0,1] with value 1 on K and value 0 on the set RI~\ B(K, 1).

Here Ty [ denotes some fized C*° non-decreasing fonction vanishing on | — 00, 1] with value 1
on [2,+o0l.

Remark that the functions S3- are elements of 7. Indeed, they are K-local with K := B(K,1+
Vr? 4 2¢?) and they are C* on M. However, S5 does not belong to 7y, since its derivative
D., S5 () is not orthogonal to v; —~y; for v; € B(K,1)\K and |y; — ;| = r. Let us now describe
some characteristic properties of these functions.

Lemma 4.10 The function S5 vanishes on the following set of configurations :
{v: 3 € K,Iy; # v with |y — ;> < r? + 2},
and is equal to 1 on the set of configurations :
{y: Vv € B(K,1),¥; # %, lvi — il* > r? + 267}
Moreover, the function S5 increases as € decreases and

lim S5 (y) =1 p-a.s.
lim x() pi-a.s

for any measure p such that p({y: 34,5, |vi —v;| =r}) =0.

Proof If the center of a particle v; € « is in K (hence I (y;) = 1) and at least one other particle
A2 2
of v is at a distance smaller than v/r2 + &2 from ~; (hence H 1[2’+°°[<W
JEN
in the definition (14) the sum is greater than 1 and S%(v) = 0.

) = 0), then

On the other side, suppose a particle ~; in v is at a distance greater than v/r2 + 2¢2 from every
a2 a2
(== g this holds for any 4 € B(K, 1),

other particle; then one has H ]~[[2 +oo] 5
’ €

jeN
that is for each 7; such that T (7;) # 0, then the sum in (14) vanishes and S5 (v) = 1.
i — 1 =1

) increases as €
)

Moreover, for each v € A, the pseudo-indicator function ]NI[Q’ +ool(

decreases to 0 to the indicator function T, ., thus

S%(7) / ooy (Z Tk (%) I{3j7|’Yi—’Yj|7"}>

i€N

For measures p such that p({vy : 3¢, 74, |y — vj| = r}) = 0, this function is p-a.s. equal to 1 and
consequently

11“1 SK — 1 ~d.D.
-
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4.4 The Detailed Balance Equation

For a A-local function f defined on M, we say that the compact set K C R? covers f if B(A, R) C
K and denote by f- the product fS%. Such functions play from now on the role of test functions.

Definition 4.11 A Probability measure  on A is called an equilibrium measure for equation (£)
if the infinitesimal generator A is locally p-symmetric on T in the following sense :

Vf,g € T,VK compact set covering f and g, Ve >0 / fic Agse du :/ 9% Afi du. (15)
M M

Equation (15) is called Detailed Balance Equation.

Notice the important fact that (15) is not equivalent to (13), since S% ¢ 7o. Anyway, (15)
is a reasonable equilibrium condition in the sense that Gibbs measures satisfy it, as the next
proposition claims.

Proposition 4.12 Any canonical Gibbs measure p € CG with support included in A satisfies
Detailed Balance Equation (15).

Proof Let us first recall the property (4) : any canonical Gibbs measure p has the representation
= / w, 0(dz) with p, € G(2) for each z € RT,
R+

that is, is a mixture of Gibbs measures. As a consequence for f,g € 7y and K a compact set
covering f and g,

/ fi Agic dyi= / / fo Adsc dus 6(dz)
M R+ JM

and the Detailed Balance Equation will hold for each canonical Gibbs measure as soon as it holds
for each p, € G(2).

We now fix u € G(z), f,g € T, K covering f and g and ¢ > 0. We want to prove that
S fic Agi dp is symmetric in f and g. By definition (12) of A

/ £S5 AlgS5) du
M

_ / F(S5)?Ag dyu + / fg S5 A du+ / F(n)Ssc(n) / Dg(n)-DuSie(n) n(de) u(dn)
M M M
=1+ 1o+ 15

The second integral 75 is symmetric in f and g. We now use the assumption p € G(z) to transform
the first integral term Z;. Recall that Ag is K-local, since K covers g.

7 - / £ ne) (S5 () Ag 1) ()
- / [ 1O €nw) Ag(ye B i g uta)
— / /A / FO)(S50)2(Enrce) TrD2,g(€) e B Emce) ¢(dr) i (de) pu(dln)

2 / /A | FE(Si€nme) Dagl)-(Viox €)(a) ¢ PN () wic(d) el
K
= Ni+5
To transform J; we use the well known fact that the Campbell measure of the Poisson Process
77 is equal to the product measure z dz|k x 7} (see [16]), that is, for any regular function F' on
K x M,
| [ Peot@ean i =z [ [ Pt dorie)
MJIK MIK

13



So Ji becomes :

= i/A/A /Kf(%)(s%)z(il?@mc) TrDZ,g(wg) e~ PR lhe) 1y (ug) 2 da mic(d€) p(dn)

= L e, TSR ) TeD2g(a) ) de i) i

Remark that « — S5 (x€nk-) vanishes on the boundary of B(¢, r) and that « — Dgg(z€) vanishes
on the boundary of K; after integrating by parts, J1 becomes :

-3/ F ) (S50 (ance) e P} Do) dr i (dE) puln).
Ag JK~B(&,r)

We now expand the derivative. Remark that D, Fx (2€|nk<) is equal to (V&) (x)+(Vexnge)(x).
Moreover (Vi * nge)(z) = 0 for = ¢ B(K° R) and D,g(§) = 0 for x € B(K*¢, R), so that J; is
equal to :

5= 5 [ ] 10 St Des(@e)Dagtag) e R d () ()
;/A/A /K La(x€) f(x€) Du(S5)* (wbnice)-Daglat) e P EIK) da wie(d€) p(dn)
+;/A/A /K][A(»"Ug) F(x) (S5)H(@€ngce) (Vi x &) (2).Dyg(x€) e Fx@EnKe) qo 7% (dg) p(dn)

Using again the Campbell measure of 73, we remark that the second integral term is exactly the
opposite of 73 and that the last integral term is also the opposite of J>. So we finally obtain :

| 5k Algsi) du
= —% /,4 /A /K (S5)2(Enxce) Dy f(€).Dyg(€) e Frlelnee) ¢(da) n5(de) pu(dn) + /M fg S5 ASs du
= —% /M /R L(SK)*(n) Dof(n)-Dag(n) n(dz) p(dn) + /M fg S& AS% du

This shows the desired symmetry in (f,g). B

5 Detailed Balance Equation, Campbell measures and canonical
Gibbs measures

In this section we first prove that any measure satisfying the Detailed Balance Equation (15) also
obeys an integral equation exhibiting a symmetry property of the associated Campbell measure.
In the second subsection we conclude the proof of the main theorem 2.6 by proving that such a
measure is necessarily canonical Gibbs associated to the appropriate potential.

5.1 From the Detailed Balance Equation to Campbell measures

Proposition 5.1 Let p be a Probability measure on A with support included in A. Suppose

that for every A compact subset of RY and p-almost all n, u(.|Bac)(n) has a density ua(.|nac)
with respect to ma which satisfies assumption (5). If the detailed balance equation (15) is satisfied
under 1, then for any positive measurable local function F on R4 xR x A, the following symmetry

property holds :
/ / / e~ Elylmz) F(x,y,n~x) dy n(dx) p(dn)
A JRE JRE
/ / / E(ylmrz) po F(y,z,mp~x) dyn(dz) p(dn). (16)
Rd JRE
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Proof Step 1 : Reduction of (15) to a simpler symmetry property

By definition of 7', we can take as elements f, g € T the following functions: f = ffsand g = Gfs.
Functions fs, f, g will be precisely described in Step 3. Due to the definition of the infinitesimal
generator A, we have :

AlgSE)(n) = (f35k) () Ag(n) + g(n)A(f35%k) (1 /ng «(f355) () n(dzx).  (17)

So, the left hand side of (15), which is symmetrical in the functions f, g (and thus in the functions
f,g) is the sum of the three following terms Iy, Iy and Is:

Lo / Fn)(F5550)2(n) AG () (i)
L = / 301 Fn) (f35S50) () A(f555) (n) ()
L o= / Fn)(f3S5)(n) / Do (f355) (n)-Daii () m(d) u(dly).

The integral Is being symmetric in f and g, this implies that the sum I; + I3 remains unchanged
if f and § are interchanged.

Step 2 : Analysis of 7 + I3

We consider functions f and § which are A-local for some bounded subset A with B (A,R)CAC
K and remark that D,§ and D2,§ are A-local too and Ag is A-local (since B(A,R) C A). We
also choose f3 C-local with CNA = () and B(C, R) C K. Thus, decomposing 7 inside and outside
of A, one has

L= /A Flna) F2(nae) (S5)2(nanae) Ag(na) p(dn)
/ 13 (nac) . F(E)(S5)2(€nae) AG(&)ua(€lnac)ma(de) u(dn)
/f3 77A° ( 77)

To transform the integral term J(n) we now use the Campbell measure of the Poisson Process
7. Then, since Vo * (2§)(z) = Vo« {(z) + Vo(0) = Vo x {(z),

_1 / / FO(S5) (Enac)ua(énac) ( —D.g(ép). Vo *&(x) + TrDixg(gA)) ¢(dz)ma(dE)
2 JaaJa
_ ;/ / f(ﬂff)(S%)2($§77Ac)uA(x§\nAc)(—ng(x@\).ch*ﬁ(x)—i—TrD?mg(ng)) () da ma (d€).
MJIA
We recognize under the Lebesgue integral a divergence term :

Vo € A, (—ng(mg).Vgo*g(:n)+TrD§$§(:c§))][A(33§) = TaBe,n)(T) e‘P*ﬂI)V.(Dwg(xg)e—ﬂa*f(f”))

and then, thanks to the regularity assumptions (5) on the function ua, we get by partial integration
=5 o Lo, TS sy (lnac)er™S0) Dugag)e ) La(@)do ma ).
~B(,r)

(Notice that the boundary terms vanish : on the exterior boundary of A, D,g(z€§) = 0 since D, g
is A-local, A C A, and on the interior boundary 0B(£,r) = {x € R? such that 3¢; : |& — x| =
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r}, Sk (xénac) = 0.) So, J(n) = Ji(n) + J2(n) + J3(n) where

) = -k / / Dy f(0€).Daif(2€) (55 )X (w€nne Jua (2€lnac ) La(€) da 7 (d€)
2 JmJaBer

D) = -1 / / F(2€) (852 (xEnae) ¥ (un (2€nac)e#€@)) Dygi(x€)e @) d ma (de)
2 Ja)aBer

Js() = —» / / F@)un(@€lnac) D ((Si)?) (wEnac).Dag(wg) da ma(dS).
2 Ja)aBer

The integral term J; is symmetric in f and g.
Using again the Campbell measure of ma, the integral term J3 becomes

Js(p) = — 1 / / F(€)un(Elnac) Da ((550)2) (€nac) Dai(€) €(der) ma (dE),
2 JapJA

in such a way that

/ f3(ae) Js(n)p(dn) = ! / F2(nac) f(na / Dy ((S5)?) (1)-Dag(na) na(dz) u(dn)
A
- / F2(nae) F(18) S5 (n / D (55) (1) Dadi(na) na (dec) p(dn)

_ L+ / Fa(nae) F(na)(Si)2( / Dy f5(nac). Dadi(na) na (dz) ()
E— A
since Dy, f3(nac).Dzg(na) = 0.

Thus the symmetry of I; + I3 in f and § is equivalent to the symmetry of fA f2(nac)J2(n)p(dn).
Using once more the form of the Campbell measure of wa, this means

J 13y [ [ FOSTH€na0) ¥ (s a6 nac)e?" ). D)€ ) e(d) ma (d€) ()
= [ o) [ [ (ST Enae) Y (ua e lnac) 7€) D F ) e(da) ma (el
For § = f1f, this equality becomes
/A AA(SW(@N) £3(nae) f2(€) /A V (ua(@(@a)nac)e? @)Dy f1(€)e™ ) £(dx) ma (d€) p(dn) = 0.

At this stage, we would like to let disappear the function S% under the integral by taking the limit
for £ — 0. We may take the limit under the integral, as the following technical lemma claims.

Lemma 5.2 Let m be a positive measure on some measurable space E. Let g be a real-valued
measurable function on E and (gn)n be a sequence of positive functions on E. If one of the
following assumptions is satisfied

(A1) (gn)n is bounded increasing and g € L*(m)

(A2) (gn)n is decreasing

then

VneN,/ gngdm =10 = /limgngdm:O.
E E ™

Proof Remark that [ 5 9n g+ dm = J g 9n g— dm and apply monotone convergence theorem. Bl
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Apply Lemma 5.2 to E = Aa X Aac and to the increasing sequence g, = (S;(/n)2. One can
prove similarly to Lemma 2.7 that 7a x pac({y : 34,4, |v — vj| = r}) = 0, and thus by Lemma
4.10 one get lim,, Sl/n =1 a.s.. Since f3, f, D.f, are bounded functions and, by assumption (5),

JA V(ua {\x)]nAc)eW*E( )) &(dz) is ma X pae-integrable, then (A1) holds and we obtain

/ f2(1ac /,4 / POV (un (2(E~)nac)e?€@)) Dy f1(€)e @) (di) ma (dE) (i) = 0.

(18)
Step 3 : Form of the local conditional density ua(.|nac)
To derive informations on the form of ua from the equation (18), we need to particularize the
class of test functions. We decompose f and g as follows:

f=ffand §g= fifofu.

The choice we now present for f1, fo, fs is inspired by [10] Proposition 2.38, in which the author
analyzed the case of particles without hard core.

e functions f5 characterize the configuration inside of A: to each f5 is associated a C*°-function
@9 on R? with compact support A satisfying B(A, R) C A such that

79 =exp (= [ ea@)e(an) = faléa).

e functions f3 characterize the configuration outside A: to each f3, is associated a C*°-function
3 on R? with compact support C' C A° such that

) = exp (= [ eatalntdn) = falnac).

e functions f; vanish if some ball of the configuration is too close to the boundary of a fixed
bounded domain V' with B(V,R) C A :

£1(6) = i (— /A S (@)E(dr)) = 1(En)

where 11 is a C* non-increasing function on R with values in [0, 1] satisfying 1 (0) = 1
and ¥1(u) = 0 for u > 1, and cp‘{ is a C>°-function on R?, §-approximation of the indicator
function of the inner e;-boundary of V, B(V¢,e) NV : pi(y) = 1 for y € B(V¢,e) NV,
Wl (y) = 0if d(y, B(VC,e1) N V) > 6 >0 and ¢f decreases to Ip(vee)ny when 6\ 0.

e functions f4 have one directional derivative equal to a smooth approximation of the indicator
function of a compact interval:

f6) = /A pa(w)E(dx)

where p4(z) = [ @) (u)duif x € V\B(V,e1) and p4(z) = 0if x ¢ V for somei € {1,...,d}.
Moreover <p4 is a smooth approximation of the indicator function I, with I C R a compact
interval included in the projection of V' along the i-coordinate.

To summerize, V. C B(V,R) C A C B(A,R) CACAUC C AUB(C,R) C K, f1 and f> are
A-local, f4 is V-local and fs3 is C-local. Inserting the value of D, fy in the equation (18), we get

/ B [ F©7© / Vi (u (2 () e )26 g ()@ €(dr) ma (d () = O,
A Aa 1%

Next, we let § decrease towards 0, which implies that fi(£) decreases towards LeynB(ve,er)=0-
Remark that, for any x € £, the following equality holds:

Spil(xi)][fvﬂB(Vc,Eﬂ:@ = ][I(xi)]lﬁvﬂB(Vc,El)Z(a'
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Then we let decrease €1 towards 0, so that I¢,np(ve,)—p increases towards 1. Lemma 5.2 justifies
the inversion between integrals and limits, and then,

/ f2(nae / f3(e / 17 (20) Vi (ua (2(6) [nac) 7)) e+ €(dr) ma (de) ()

- [ e /V 1)(z:) /A J2 (1) Vi (1 (2(6w) e 7 7E@) =26 () € (dr) ma (d€)

An

= [ s /V 1) (z;) /A F2(180)V i1 (2(Ez) Inae)e? @) =€ 1 (dn) € (dr) m (d€)
= 0.

Since this holds for any function fs in the class described above, this implies that, for mp-almost
all £ and for any interval I with rational extremities

/ 17 () e €@ / F2(nac)Vi(ua (z(Exz)nac)e?* @) u(dn) &(dz) = 0. (19)
\% A

For a fixed £ and a fixed = in &, let us take I an interval containing only x; among the i-projections
of all points of £. Then (19) becomes

/A 12 (1) Vi (ua (2(6n2) 18 e @) (i) = 0,

for any x € £ and for mp-almost all £ € A. We can now let vary f3 in the class described above,
and obtain

Vi(ua(z(éx) \nAc)ew*f(I)) =0,

for any i € {1,...,d} and any z € &, for my-almost all £ € A and for p-almost all nac. The last
equation means that there exists a function ¢ on M such that

ua(x€lnac) = e(€nac)e” 74 = c(énac)e ) (20)

for ma-almost all € € Aa and p-almost all pae.

Step 4 : Symmetry of some integral under the Campbell measure
Let us now consider the left hand side of equation (16) for a function F' vanishing for z or y
outside a bounded A’ € R? and A-local in 7. Taking A large enough so that B(A UA/,R) C A

we obtain
/ /Rd /Rd e BN P, y, i) dy n(de) p(dn)
/ / / Bt P (e, y, nase) dyna(de) p(dn)
/ /AA / / BWIE) Bz, y, &x)ua(Elnac) dy &(dz) ma (d€) p(dn)
///AA/ PUIO P (2, y, € ua(@€lnac) La(x€) du wa (d€) dy p(dn)

/ / /AA/ U P2, y, )c(Enae)e™ 19 du ma(dg) dy p(dn)

//AA// B0 e B0 B2, y, €)e(Enac) dx dy ma(d€) p(dn).

This last expression being symmetric in x and y, it is also equal to the right hand side of equation
(16).
|

18



5.2 Canonical Gibbs measures characterized by their Campbell measures

Proposition 5.3 Let i be a Probability measure on A with support included in A. Suppose that
under the Campbell measure of p the symmetry property (16) holds. Then p is a canonical Gibbs
measure in CG.

Proof In [10] Proposition 2.29, the author proved this assertion only for a system without hard
core, that is when 7, the radius of the balls, vanishes. We adapt here his arguments to the hard
core situation. Let F' be any positive measurable local function on R? x R? x A. Applying
the symmetry equation (16) to the function (z,y,n) — €@ F(y, x, 1) 14(zn) (with the usual
convention +00.0 = 0) we get

/ / F(z,y, ) La(y(na)) dyn(dz) j(dn)
RrRd JRrd

[ L LB B By ) dy ) ).

By induction, one proves similarly as in [10] that for any n € N* and any positive measurable
local function G on M N (RH™ x M N (RH)" x A,

/ / / G(C, &, 1O Ta(E(0)) d™E 1™ (dC) u(dln)

ANRE)™ S MN(RE)™

/ / / BEO+ECIN G(e, ¢ pg) dPE g (dC) p(dm),  (21)
ANRE)™ S MN(RE)"

where the measure (™) defined on A N (R%)™ by 5™ = > ¢CnCardc=n O¢ is the sum of all point

measures Concentrated on the subsets of 7 with cardinality n, the measure d™¢ is defined on
MNO(RHY™ by [G(€)dM¢ = L 4 [ GOz ++ - +0z,) day - - - day, and E(£|n) := Ega(&|n) is the energy
of the n points conﬁguration & with respect to the full configuration 7 as external configuration
(which is finite if £n € A). It is important to remark that the induction works because

La(y(rz)) Ta(€(ymaQ)) = Ta(y(ne)) La(y€(naq)).

Therefore, since the symmetry equation (21) is satisfied under p, using the proof (b) = (a) from
Proposition 2.29 [10], we conclude that p is a canonical Gibbs measure associated to the smooth
potential ¢ on the set of allowed configuration A, that is p € CG. B
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