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Abstract

We study an infinite system of Brownian hard balls, moving in R and submitted to a smooth
infinite range pair potential. It is represented by a diffusion process, which is constructed as
the unique strong solution of an infinite-dimensional Skorohod equation. We also prove that
canonical Gibbs states associated to the sum of the hard core potential and the pair potential are
reversible measures for the dynamics. (© 2000 Elsevier Science B.V. All rights reserved.
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0. Introduction

We consider a system of infinitely many indistingable hard balls with diameter »>0
in a d-dimensional Euclidean space R, d >2, undergoing Brownian motions and sub-
mitted to the influence of a smooth infinite range pair potential @;.

Infinite systems of interacting Brownian particles (i.e. balls with diameter reduced to
0) have been treated by Lang (1977a,b) and Fritz (1987) in the case of a smooth non-
negative pair potential with finite range. Tanemura (1996) studied the case of Brownian
hard balls without supplementary pair potential. Recently, Fradon and Roelly (2000)
analyzed an infinite system of hard balls submitted to a smooth finite range pair po-
tential under the assumption that the density of balls is sufficiently small. Here, we
present a generalization of the previous works with respect to two important points:
the spatial mean density of the initial configuration is arbitrary large (when it is Gibb-
sian, this means that there is no restriction on the activity), and the balls interact even
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if they are separated by any large distance (the potential @, has infinite range with
exponential decrease). Under these assumptions, we construct the gradient diffusion
X(t)=(Xi(¢), i€ N, t>0), unique strong solution of the following infinite-dimensional
Skorohod-type system of equations

X0 =X+ B0 =3 3 [ Vo)~ 560 ds

JEN

t
+ Y [~ a6y,
jen”o
where, for any i,j € N,i # j,t>0, |Xi(t) — X;(t)|>r, and L;;(¢) are local times, that is
nondecreasing continuous processes with

L;j(0)=0, Ly()=Lu(.) and Lij(l‘)z/oﬂ{r}(\Xi(S)—Xj(s)|)dLij(S)~

In a first section we define state spaces and present the main results of the paper. In
the second section the finite-dimensional Skohorod problem is stated, some geometrical
aspect of the configuration space is discussed, and the dynamics of finitely many hard
balls is solved. The third section is devoted to the convergence of finite-dimensional
approximations towards X(.), a reversible solution of the above equation. In the last
section, we prove some measurability properties of the diffusion X(.) and the existence
of solutions with deterministic initial conditions.

1. Statement of the results
1.1. Configuration spaces and path spaces

In the whole paper, |.| denotes the euclidean norm and (-, -) denotes the corresponding
scalar product.

Let 9 be the set of all countable subsets n={n;}; of RY satisfying N,(n)=
#(n N A)< + oo for any compact set 4 of R?. We equivalently consider 7€ I as
a non-negative integer-valued Radon measure on R?: = >".6,. M is endowed with
the topology of vague convergence.

The particles we deal with in the present paper are hard balls of radius »/2 (for a
fixed »>0) evolving in R?. So the configuration space of the system is the following
(compact) subset of Mi:

X={n={ntics €M where J CN and for i # j, |n; —n;|=r},

where #; are the positions of the centers of the hard balls.

Throughout this paper when S is a topological space, we denote by #4(S) the topo-
logical Borel field of S, and by W(S) the set of all S-valued continuous functions
defined on [0,00). W(S) is endowed with the local uniform topology.

The o-field 6(Ny;A4 € B(R?)) coincides with #(X). We will also use the o-field
% 4(X) defined for each compact subset A4 of R by

BuX)=0(NiAe B(R)),AC A).
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We introduce the following measurable subsets of W (X ):

For ¢>0, 0<s<t<oo and a bounded open subset O of R’ we denote by
E(¢,[s,t],0) the set of all paths x(-) of W(X) such that on the time interval [s,¢]
the balls stay at distance greater than ¢/2 from the boundary of O:

if jeJ(x(5),0), Vucls,t], Upieya(xj(u))CO,

if j&J(x(5),0), Vue[s,1], Upsoya(x;(u)) € RN\O.
Here
Jn={n:};,0)={ieN: y;€ 0}
and, for o>0, U,(4) denotes the open a-neighborhood of a set 4 C R?. U,(x) is the

abbreviated form of U,({x}), and, for simplicity, we just write U, instead of U,({0}).
So,

U,={xe R, x| <a}.

For ¢,0>0, T,M € N and / € N, we denote by €[, 9, T,M, /] the set of all paths x(-)
of W(X) such that for any k=0, 1,...,[T/J], there exists a sequence Ol,Oi,...OkQ of
bounded open disjoint subsets of R verifying

Vge{1,2,....0} x(-)€%(e [k, (k + 1)5],00), (1.1)
o
| J(x(kd), Of) > I (x(k8), Uy, (12)
qg=1
Vge{l.2,....0} 1<8J(x(ks),07)<M. (1.3)

We now define a measurable subset 4 of W(X) which will be a path space con-
taining the processes studied in this paper:

- U N U ﬂ N U cg( "—TMmP) (1.4)

KE(O )pflelT my=1m=mg
1.2. Description of the potential and associated Gibbs states

We are dealing with a pair potential @ = @y, + &y, where Py, represents a hard core
repulsion, i.e.

0 if |& —¢&=>r,
(& &)= (1.5)

+o00  otherwise

and @y(&;, &)= Ps(E — &) is an R-valued %'-pair potential on R? satisfying the fol-
lowing assumptions (1.6)—(1.8):

e Summability on X of the functions &5 and V®:
VG EX, Vi, D |B(&—El<+o0 and Y [VE(E — &)< + .
J#i J#i
(1.6)
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e Lipschitzianity of V@ on finite allowed configurations:
There exists K such that for each finite subset J of N, each &,y € X and each i e N
verifying max; ¢ g j-4|(& — &) — (n; — n;)| <r/2, one has

D VO(E = &) — Vo — )| <K max |(& = &) — (i —np)l- (1.7)
Jedi#i JELI
e Stretched exponential decrease on X of the sum of V@q:

3P0, B1, P2 >0, such that for R large enough, V¢ e X, Vi

3 V& — &) <gR)= Poexp(—piR"). (1.8)

j,\fi*§/|>R

The range of the smooth pair potential @5 may be finite or infinite, i.e. the support
of &5 may be compact or not. If the range of @y is finite, the function g appearing in
(1.8) vanishes.

Remark 1.1. By an elementary comparison argument with the summability on the
lattice #Z¢, inequalities (1.6) on @, and V&, are equivalent to the following uniform
summability on X :

@, = sup sup Z|¢S(§i - &)< +o00 and
texieN A

Vo, = sup sup > _ [V (& — &)| < + oo (1.9)
éeseier\l#i

A sufficient condition for (1.6) and (1.7) to hold is that &, has %>-regularity and

ST k) < +oo, Y [Vd(rk)|< + 00 and
kezd kezd

sup |D*®(rk +x)| < + oo, (1.10)
kGZ(,xE[O,r]“

Remark 1.2. Let us suppose that the infinite range pair potential ®(x),x € R?, is a
function of the norm of x, in such a way that there exists a function ¢ on R™ veri-
fying @s(x) = ¢(|x|). Such assumption is physically very natural. Then, the following
regularity of the function ¢ is sufficient to imply (1.6) and (1.7): ¢ is 62, |¢|, |¢’| and
|¢”| are non-increasing functions on some interval [R,+oo[ and

/ lp@u)|u " du< + oc.
[R,+o0[

To obtain the exponential bound (1.8), it is enough to suppose the following exponential
decreasing property of ¢’:

ElR) V0,71, 72 >0, Yu >R, |(p/(u)| <70 exp(_rylu}'Z)-
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Now, we can define the set of Gibbs states associated to the pair potential ¢ =
@, + &, For £={&,&,,....&,} and n €M we define

n

WEm=expg — > B(EE) =D D B(Enn))

1<i<j<n i=1 j

By assumption (1.6) the second (infinite) summation on #; is bounded and then, the
function y is well defined.

Let us fix a real positive number z. For any compact subset 4 C RY, we denote by
A4,- the Poisson distribution on 9M(A) with intensity measure zdx on A, where dx
denotes the Lebesgue measure, and () is the set of all finite subsets of A.

Definition 1.3. A probability measure u on X is called a Gibbs state with respect to
the activity z>0 and the potential @, if u satisfies the following DLR equation for
any compact subset A4 of R?:

:u("’@/lc(%))(’7):,“/1,}1,2(')9 n  u-a.s.,

where fi4,, . is the probability measure on Mi(A) defined by

1
panz(d0) = Z——x(Eln N A%)24,2(dC)  and

A,z
ZA,n,z:/ 2(E[n N A°)A4,2(dE). (1.11)
M(A)
The set of such Gibbs states is denoted by %4(z, ®).

The set 9(z, @) is convex and compact with respect to the topology of weak con-
vergence. Since g, the smooth part of the potential, satisfies condition (1.6) and then
condition (1.9), it is a stable potential in the sense of Ruelle with stability constant @
and then @ is superstable (see Ruelle, 1969, Section 3.2.5). This assures the existence
of at least one element in %(z, P), i.c.

G(z,®) # .
About the cardinality of %(z, @), we do the following remarks:

e if z is smaller than a critical value z., Ruelle proved that uniqueness holds (see
Ruelle, 1969, Theorem 4.2.3). Moreover, he did explicit a lowerbound for z.: in our
case,

-1
Ze= (exp(zas—&— 1)/ |1 —exp — <D(x)|dx> .
Rd

e for z large enough, it is a well-known conjecture that the set of extremal points of
%(z,®) has a cardinal greater than 2 (see Ruelle, 1969; Georgii, 1988), in other
words a phase transition should occur.
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1.3. The infinite-dimensional diffusion

Let (2,7,P) be a probability space with a right continuous filtration {%;},>¢ such
that each %, contains all P-negligible sets.

Let (Bi(?),i€N,t>0) be a sequence of independent d-dimensional .%;-Brownian
motions and Xy={X;,X5,...} be an Fp-measurable X-valued random variable on
(Q,7,P).

We consider the following system of equations: for each i€ N, #>0,

l t
X0 = X+ B0 -3 3 [ Vo060~ x)ds

JEN
t
+ Y [~ ey, (1.12)
jeNnvo
where
(X(¢), t=0) is an X -valued process and (1.13)
Lij(t), i,j €N, are non-decreasing continuous processes with (1.14)

Lij(0)=0, Ly;()=L;(.) and Lij(f)Z/Oﬂ{r}(\Xi(S)—Xj(s)l)dlij(S)~

The pair (X(.),L(.))={(Xi(.),Li;(.)),i,j €N} — or simply X(.) — is called a
solution of (1.12) provided that (1.13) and (1.14) are satisfied and that X(w, )€€
for P-almost all w, where € is the set of regular paths defined by (1.4).

We are now ready to state the main results of this paper.

Theorem 1.4. (i) There exists a measurable subset Y of X such that for each fixed
initial value Xy in Y Eq. (1.12) admits a unique solution X(.) which is an 9-valued
diffusion process.

(i1) If the law of the initial variable X, is a Gibbs state of 9(z,®) for some
z€(0,00), then P(Xo € 9)=1 and the X-valued process X(.) is a reversible diffusion
process.

So, completing the previous remark on the non-uniqueness of Gibbs states with
large activity, we deduce that for large z there may exist several reversible diffusion
processes solutions of Eq. (1.12).

Let us mention that using Dirichlet forms, one can construct the law of such a
diffusion (cf. Osada, 1996; Yoshida, 1996). In Tanemura (1997), one of the authors
(H.T.) used a Skorohod-type decomposition to prove that, in the case &3=0, the
diffusion associated with the Dirichlet form coincides with the law of the solution of
the system of equations (without the smooth interaction term V®g). We conjecture that
this remains true with the model presented here, but we are mainly interested to use a
pathwise approach, more explicit than the Dirichlet form method.
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2. Skorohod-type equation for a domain in R"’

Let us first do some general considerations on reflecting boundaries and associated
Skorohod’s problems.

2.1. Geometrical estimates on the reflecting boundary

In this subsection and in the next one, the dimension of the Euclidean space is fixed
equal to an integer m.

For a domain D C R™ we define the set .4, = A4(D) of inward normal unit vectors
at x € 0D by

M= Mrr Moy ={nER™ |n|=1,Us(x - (m)n D=0}.
/>0
Let us recall some usual regularity conditions one can suppose on the boundary 0D of
the domain D.
Condition A (Uniform exterior sphere condition): There exists a constant oy >0
such that

Vx € dD, Ny =Ny oy # 0.

This means that a small enough sphere rolling along the boundary of D reaches each
point of this boundary.

Condition B: There exists constants do >0 and ffy €[1,00) such that: for any x € 0D
there exists a unit vector /, verifying

1
Vne U Ny (Leyn)y=—.
¥ € Upy(x)NaD Po

For example, Condition B is satisfied when the domain verifies the uniform interior
cone condition (see Saisho, 1987).

Under Condition A, each x ¢ D such that d(x,D)<ay has a unique projection x on
0D, satisfying d(x,D)=|x — x| and (X — x)/(]X¥ — x|) € Az. We extend this projection
operator to x €D by x =x.

If, for each x and y in the neighborhood of D, the distance |X — j| between there
projections is controlled by the distance |x— y| between the points, then the boundary of
D is smooth in a certain sense. Saisho established some useful regularity estimates on
the solutions of Skorohod equations in a domain satisfying such a smoothness condition.
We will use these estimates for a domain satisfying a priori only Condition A. So we
first have to prove that:

Lemma 2.1. If a domain D satisfies Condition A, then the projection operator on D
satisfies the following continuity property:
For all x,y € R™ such that d(x,D)<ay and d(y,D) <o

209 — x — x| = |y = ¥

X —p|< <1+ (2.1)
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Proof. Let us take x, y € R” such that d(x,D)<ay and d(y,D) <.

If x=x and y = j, inequality (2.1) is clearly satisfied. So, in the sequel, we assume
that (|x —x|,|y — 7|) # (0,0). We now define ¢, on the line (x,x) and ¢, on the line
(y,y) in order to have:

|)E_CX‘:|,)7_C)1|:O[09 XG[CX,)E],

yE[C‘y,)_/] and ‘f_cy|>“0: |)7_cx|>“0'

Such ¢, and ¢, always exist, just choose them as follows:

o if x # X let X — ¢, =0p(X — x)/(]x — x|). Since (¥ — x)/(|x — x|) € A%, this choice
implies that Uy, (c,) N D=0, thus |y — cx| = 0.

o if y# ylet j—cy,=09(y — »)/(|]7 — y|). This implies that |¥ — c,|>o.

o if x=x, and thus y # J, let ¢, — ¥=ao(X — ¢,)/(|¥ — ¢,|). With this choice,
lex — ¢y =00 + X — ¢)| =200 thus |§ — ¢ >a.

e if y=7, and thus x # x, let ¢, — y = 0to(y — ¢ )/(|¥ — ¢«|). This choice again implies
‘f — Cyl >O€0.

Let us introduce the notations:

_|x—cx| _|y*Cy| X
yx_ia y— - ex = s
%o oo 0o
y—c¢ c,—c¢
ey:u and h=-"2".
0l %o
We have
1>yx>05 1>yy>0a |€x‘:1, |ey|:15
ley — hl=1 and ley +h|>1

and inequality (2.1) becomes:
2
lex —h —e)| < m‘"/xex —h—=7ye)l

It is sufficient to prove this inequality for y, # y,: the continuity of the right-hand side
when y, tends to y, will then prove that it holds for any (y.,7,) in ]O, 1.

From now on, the parameters 7,,7, €]0,1], y« # y,, are fixed. We only have to
prove that the %'-function

lex —h—e,|?
|Vxex - h - yyey|2

defined on the %!-manifold

F(eX> ey,h):

V: {(exye)uh)e(Rm)?)? |€x‘ = 19 |ey| = la ‘ex - h| >1a ‘ey + h| > 1}

admits (2/(y +7,))* as an upper bound.
First remark that since |e | =1

h|?

|ex —h|>1 <:><€x,h><7.
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Remark also that F is well-defined on ¥, since, if (e, /) <|h|*/2,

Vx€x —h 7yyey:0

P 1
=e,= y—ex — —hand h#0 (because |e| =|e,| and . # 7,)
Ty Vy
P 1
= Jey + M =1+ 225 (e h) — 2— () + |h]?
Vy Vy
" 2 2y —
<t P = S P =1 - S <,
Vy Vy Vy

Using the famous theorem about differentiable functions on manifolds, we obtain

e Vo . 1

sup £’ =max <sup F, syup F, sup F> ,
Vo
where
Voo = {(ex,ey,h) €V, |h| =4},
Vv = {(en e, h) eV, lex—h|>1, |e, +h|>1,
VF € Span (V(lex” = 1), V(le, " = 1)},
Vo = {(ev,ey,h) €V, lex—h|=1or |e, +h|=1}.

The computation of an upper bound for F on ¥, is very easy. Just use the triangular
inequality twice

lex —h —ey| <(1 = po)lex| + [yxex — b —yye,[ + (1 —7))ey]

|yxex —h— Vyey| = ‘h| —Vx —Vy 22 if |h| 24

2 — P —) 2 Py 22—y — 2 2 2
o2 (322 )
Voo 2 Y+ Yy Y+ Yy Yx T+ Vy

To compute an upper bound for F' on ¥y, we remark that VF = (V, F,V, F,V,F)
and V(lex|> — 1)=(2¢,,0,0), V(le,|> — 1)=(0,2e,,0).
If VF € Span(V(lex|* — 1), V(|ey|* — 1)), then V,F =0, that is

thus

—2(ex —h —ey)|yrex — h —pyey[* + 2(pvex — h — yey)|ex — h — e, _

0.
|Vxex - h - Vyey|4

VinF =

This implies that
lex —h— eyl [ycex —h — “/yey‘z =|yxex —h —yyey|lex —h — ey‘z

which exactly means that F(e,,e,,h)=/F(es, e, h), i.e. F(ex, ey, h) equals 0 or 1.
Thus sup,. F<I1.

Finally, we compute a bound for F' on 7. We will compute an upper bound for
F(ex,ey,h) when |e,|=|e,|=1, |e. — h|>1 and |e, + h|=1. The computation for
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lex —h|=1 and |e, + h|>1 is exactly the same (just exchange e, and e, y, and 7,
and replace & by —h).
If |ex| = |ey| = |€y +h| =1 and |ex — h| <lI:

ley +h| = 1 & 2(e,,h)= — |h]* < 2(e, + hh)=|h|
lex —h| = 1 & —2(e,,h) > — |h|?
thus
[pcer — h—7ye, [
= [yeex — py(ey + ) — (1 —p)h
=78+ 75 = 2nplen ey +h) + (1= pp)lAP = 20:(1 = 7)) (ew )
> 92475 — 297yl ey + h)
and since |e, — h — e, =2 — 2(e,, e, + h), we obtain

2 —2(ex,ey+h)

Flee.eyh)< '
(ex €y ) «/)2{ + yi — 2?x%’<ex’ ey + h>

An elementary derivative computation prove that, when 4>=B, the function u —
(2 = 2u)/(A — Bu) decreases on [ — 1; 1], thus sup;_;,;)(2 — 2u)/(4 — Bu) =4/(4 + B)
and

4 2 Y
sup F< 55— = < ) .
1 ity 2927y Y+ Yy

The proof is complete. [J
2.2. Regularity estimates for the solution of Skorohod’s problem

Let D be a domain of R™. For a given w € Wy(R")={we W(R™): w(0)=0} and
x €D, we consider the following Skorohod equation with reflecting boundary éD:
{)y=x+w(t)+ o(t), t=0. (2.2)

A solution is a pair ({, @) satisfying (2.2) and the following two conditions (2.3) and
(2.4) (we also call { a solution of (2.2)):

Lew(D). (2.3)
¢ is an R™-valued continuous function with bounded variation on each finite

time interval satisfying ¢(0)=0 and 24)

ot) = /0 as)dlole llol, = /0 Lp((s)) dllg]l.

where n(s) € A if {(s)€ 0D, and | ¢||, denotes the total variation of ¢ on [0,7].
The existence and uniqueness of solutions of Skorohod-type equations were studied
by many authors (Tanaka, 1979; Lions and Sznitman, 1984; Saisho, 1987). Saisho
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(1987, Theorem 4.1) proved that, under Conditions A and B, Skorohod equation (2.2)
admits a unique solution. Furthermore, this solution satisfies the following Lipschitz
continuity property as a function of w(-) and x:

Lemma 2.2. Suppose that the domain D satisfies Conditions A and B and let {(.)
(respectively, ('(.)) be the unique solution of Skorohod equation (2.2) (resp. for
w € Wy(R™),x' €D, {'(t)=x"+w'(t) + ¢'(t), t=0).

Then there exists a constant Cy, depending only on D, such that for each t =0,

K@) = C@<w = w'll, + Ix = x"Dexp(Ci([loll, + ll0"]],))- (2.5)

Proof. In Proposition 4.1, Saisho (1987) proved this Lipschitz continuity property
under Condition A, Condition B, and the following additional condition on the projec-
tion operator x — x (called Condition D in Saisho (1987)):

there exists Cy =0 and C, €10,00[ such that for all x,y € R™:

max(|x — x[,|y = )< C = [¥ — [<(1 + Crmax(|x — x|, [y — y)lx — yl.

Owing to Lemma 2.1, the projection always have this property (for any C, € 0, o[
and C; =1/(xy — C;) when D satisfies Condition A. [J

Remark that the constant C; in the above lemma a priori depends on the space
dimension m.

The following lemma gives an estimate of the total variation ||¢||, of the process
¢@(t) (see Theorem 4.2 in Saisho, 1987).

Lemma 2.3. Suppose that the domain D satisfies Conditions A and B. Then, for any
finite T >0, we have
loll, <f (Ao,r,.(W), sup |w(s)|) for all 0<t<T,
s<t

where f is a function defined on Wyo(R") x R" depending only on the constants
o, o, 09 in Conditions A and B, and Ay 1. (w) denotes the modulus of continuity of
w in [0, T] defined as usually by
Aors(w)y= sup |w(t) —w(s)| (2.6)
O<s<t<T

[t—s] <0

Moreover, the functional w — f(Ao,1.(w),sup,,|w(s)|) is bounded on each set of
paths W satisfying lims_,q sup,, ¢ ,,-Ao,7,5(w)=0.

2.3. Application to a system of finitely many hard balls

Now the dimension of the state space is m =nd. Let us define a system of n hard
balls moving in R? and reflected on the boundary of a domain D, C R™:

D,={x,=(x1,...,x,) € R™: Ixi —x;|>ri # j}.

Saisho and Tanaka (1986) checked that for each n € N, the domain D, satisfies Con-
ditions A and B.
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Let b= (by,...,b,) be a Lipschitz continuous R"-valued function defined on R"™.
Let also take w=(wy,ws,...) € Wo(Rd)".

Saisho and Tanaka (1986) proved that the following system of n equations in R?
(2.7)—(2.9) has a unique solution {=({;);i=1,2..., since it can be considered as a
Skorohod equation in R" with 0D, as reflecting boundary:

Vie{l,2,...,n}

L) =% + i) + /0 Bi(L(s)) ds +,; /0 (0(s) — Ly(s)) dpy(s). 2.7)
({i)i=1,2,...» are continuous functions with |{(¢) — {;(1)| >r, t€[0,00), i # j.
(2.8)

(pij)i.j=1,2,..» are continuous nondecreasing functions with p;;(0)=0, p;; = pj;
(2.9)

and

pij(t) = /0 Ly (1Gi(s) — Ci(s)) dpig(s).

From now on, the number n of interacting hard balls we study becomes random but
remains a.s. finite. To study such systems, we introduce the new configuration space Z:

2= D,
n=0
where Dy = {0}, D; =R’ and for n>2,

D, ={x,=(x1,X2,...,%,) € R™: lxi —x;|=>r 1<i<j<n}.

Let ¥ be a function on {0} U (U2, R™) satisfying ¥(0)=0 and the following

n=1
conditions:

(P.1) ¥ is a €'-function, invariant by permutation on (R¢)" for each n>1, with V¥
Lipschitz continuous.
(¥2) 3Ky eR, VneN, inf 5 (P, oxm y) — P(x1,...0x0)) 2Ky
(P.3) 32,2 1(2"/n") [ 2n(xn)exp(— P (x,)) dx, < + o0,
where 1(x,) =exp(— D1 ;< j<p Pr(xi X)) =1y 1, v} € x-

We define a probability measure i on & by 1 ({0})=1/ZF and
n

1 _
wr(4)= ﬁ% / wn(x)exp(—W(x,))dx,, for any Borel set ACD,, (2.10)
'z - JA

where dx, =dx;dx;...dx, and Z' =1+ 37 (z"/n!) [ xn(x,)exp(—P(x,)) dx,.
By the symmetry property of P, it is clear that 1! can be considered as a probability
measure on X.

For x€ % and w=(w;,ws,...) € Wo(R))V, we put
{Clp(t,x,,,w,,) if x=x,, neN,

7
t’ s =
S if x=0,

(2.11)
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where w, = (wy,wy,...,w,), and (e, xn, w,) is the unique solution of Eq. (2.7) where
the drift b is given by

b(x,)= — V¥(x,), neN. (2.12)

We denote by Py the Wiener measure on Wy(R?). As in Tanemura (1996) Lemma
2.4, we compute a bound for the probability that {¥ oscillate too much when w is a
Brownian motion and the initial law is Gibbsian:

Lemma 2.4. The process (¥ (t,.,.) is a reversible diffusion process under the proba-
bility u¥ ®P§’,N. Moreover, for any finite time T >0, there exists positive constants

C; and Cy depending only on T and ¥ such that

veeN, Ve 0>0

1w @ PYNEieN st Ao rs({F)=e and ([F(0) € Uy) < Cz|Uy|exp(—Cae?/9).

We now need to control the geometrical repartition of the particles in R?. To this
aim, we introduce the concept of cluster.

For n€ X, ¥ >r and two points x, y in RY, we say that a continuous curve 7 is a
r’-connection between x and y with respect to (1,7) if x, y €y and y C U, (). Then
the occupied cluster C(#',x,n) of x is defined by

C(#',x,n)={y €n: 3 an occupied connection between x and y}.

The set U,»(C(r',x,1)) is the connected component of U, >(17) containing x.
First we show the following estimate on the cardinal of the set C(+',x,7).

Lemma 2.5. Let pl be the probability measure on % introduced in (2.10). Then, for
any M € R*, there exists a constant Cs= Cs(r,d,z) such that, for any ¢ € N* and
O<e<l,

M
1 Ax e Uy, 8C(r + 6,x,.)>M4) < Cs/ @M@+ Dlexp ( [2r_+2 + l} qu> .
7

Proof. A set of diameter / cannot contain more than (//7)? hard balls of diameter 7.
Therefore, if $C(r + &,x,7)>M? then the diameter of U, ;.)2(C(r + &,x,1)) is larger
than #M, and this in turn implies the existence of {y1,..., yas} Cn such that |y;| </ +
F+)/2, [y —»l<r+e...|yu—1 — yu | <r+e for some M’ =[rM/(2(r +¢&))] + 1.

wf ({n such that 3x € Uy, $C(r + &,x,1)>M“})

<ut ({n such that I{y1,..., v} Cn,

r+e
RIS+ 5 = el oo~ el <o} )
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1 & n
Sexp(—M’Kq/)ﬁ > b (M/> (M')!

n=M'

X / A (Xn—nrr )exp(—= W (xp—_psr)) dx,_pp
R(—M")d

X/ dyl/ dJQ---/ 1nmr) dyue
U/+(r+.£:) 2 Urie()1) U, +;;(y,w —1 )

.

<exp(—M'Kp)|Usir1o||Upp \UM 12
<Cs%eM 1M exp(—M'Ky)

for some integer M’ >rM/(2r+2) and with Cs a constant depending only on r,d and z.
This completes the proof. [

We now define a set of regular paths, in the sense that their modulus of continu-
ity is small enough and, at each step of a time partition, the size of the clusters is
bounded. Let &, >& >0, 6>0 and 7,7 € N. We denote by A(ey,é&,0,T,M,/) the set
of all elements &= {&i(-)}; € W(X) satisfying

vie |J JEO.U),  Aors(E())<er, (2.13)
te€[0,7]
VxeU,, VYk=0,1,...,[T/5], #C(r+ e,x, E(kd))<M. (2.14)

Remark that if &(-) € A(e1,&,,0,T,M, /) and &, >2¢;, then
VxeU;,, Vte€[0,T], #C(r+ e —2e,x,E(t))<M.

We then obtain the following lemma:

Lemma 2.6. Let 0 <k, <k < %, z>0 and T, p € N. Then for any >0 we can choose
M =M(ky,x2, T, p) €N and Co= Cy(K1,K2,2, T, p)>0 such that

) 1 ¢
VmeN, ,uzlp ®P$§N (CWEA (m_'”,m_"z,—,T,M,mp) ) <Cem".
m

Proof. It is a consequence of Lemmas 2.4 and 2.5. [J

3. Approximation of the solution and convergence

Let J be any non-empty finite subset of N. We now consider an infinite sys-
tem of particles in which only a finite number (those indexed by J) move fol-
lowing the dynamics defined in (2.7). Let b=(b;);cs be an (R?)’-valued Lipschitz
continuous function defined on (R?)’, x=(x|,x,,...) such that {x;,x,,...} €X and
w=(wp,wa,...) € Wo(RY)N. We then obtain the following system of equations (3.1)
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under conditions (3.2) and (3.3)
t
st + [ e ds
0

“0=N Ly / (&) = () dpy(s)  ified, e
jed”l
x ifi¢J.

(&) e are continuous functions with [£,(¢) — &;(¢)|=r, t€[0,00), i #j. (3.2)

(pij,1,j € J) are continuous non-decreasing functions with p;;(0)=0, p;; =p;;
(3.3)

and
Pij(f)Z/ 1 ([Si(s) = ()] dpis(s).
0

Fori¢J or j¢J, p;=0.

Existence and uniqueness of the solution of (3.1) were discussed in the previous
section.

Let @4 be the smooth pair potential with infinite range defined in Section 1.2, and let
YN, ¢ € N,n€ X be non-negative smooth functions defined on RY with the following
properties:

V" is bounded Lipschitz continuous. (3.4)
Y""=0 on U= U/\U,(nN Uy). (3.5)
Z sup / exp(—y"(x))dx < + oo. (3.6)
Sen nEXJRNU]

Such functions obviously exist: take for example y/"(x)=/[?"15,(x) with J, a %*-
function with bounded derivatives which is equivalent to d(.,U,) on R? (see Stein,
1970, p. 171).

We can now define on |J,~, R™ the following potential, as perturbation by the
self-potential Y- of the smooth pair potential @, with 1 as fixed external configuration:
for any J finite subset of N,

PO =Y U+ Y B —x) A+ Y Bulxi — ). 3.7)
ield i i
’{<€jl j,|'h§| J>f

Note that P/" satisfies the assumptions made on the function ¥ in the Section 2.3:
(P.1) is obvious, (¥.2) is true with Ky = — 2®, and (¥.3) comes from (3.6).

From now on, and for the rest of this section, let Xy ={X|,Xs,...} be a fixed
X -valued random variable with Gibbsian law p € %(z, @). Let (B;(¢),i € N) be a family
of independent R?-valued Brownian motions.
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We now consider, for each 7 € N, a particular case of Eq. (3.1) with x; =X;, w; = B;(+),
bi=—1V;¥"% and J =J(X,,U;)={i € N: |X;| </} random. The unique solution of
this equation is denoted by (X (¢),L(¢))= (X/(¢), L/ ;(t), i,j€N) and satisfies

1 t
X; + Bi(t) — 5/ VX (X5 (s)) ds

Xi/(t) = (3.8)

_ / X/ () — X/ () dL{(s)  if i€ J(Xo, Uy),
JjE€J(Xo,Uy)
X; if i ¢ J(Xo, Uy).

(A)([/('))[GJ(XO’U/) are continuous processes with | X/ (¢) — Xf(t)| =r, V=0, i#].
(3.9)

(LI j»1»J € N) are continuous non-decreasing processes with L (0) 0, L/ _L/
(3.10)

and

- /11{,}(|X/(s) X/ ()AL (s) if i,j € J(Xo, Uy),
ij -

0 otherwise.

Then we have the following convergence result:

Proposition 3.1. The sequence of processes (X');cn+ converges a.s. in W(X) to a
reversible process X°° with values in € N O, where

- N NNU N o]

0<ik <1 p=1T=1my=1m=my

Ole,0,T,/1={{&} e W(X): Ao 1.5(&) <e for any i with tén[(i)nT] |E&:()| </}

Moreover, the process X°°(.) is the unique solution of the infinite-dimensional system
of stochastic equations (1.12) when the initial condition is equal to Xy ={X1,X,...}.

The rest of this section is devoted to the proof of Proposition 3.1 We first construct
a set of probability one on which (X?) is a Cauchy sequence and then we prove that
the limit point is the unique solution of (1.12).

Lemma 3.2. Let 0<K; <k <% and T, p € N. Then we can choose M € N such that

oo (m+1)P

C
Z Z P (X/(-)GA (m‘“‘,m‘“z,l,T,M,mP> > < + oo.
m

m=1 /=mp

Proof. Let u/'" be the Gibbs measure defined by (2.10) where the function ¥ is
taken equal to the potential ¥/ defined in (3.7). By comparing p/" and the local
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specification iy, . (defined by (1.11)) as detailed in the Proposition 6.1 (Steps 1
and 2) in Fradon and Roelly (to appear), we obtain

1" (N # 0)< / Ny (ORE"(dE) <z exp(—2;) / . exp(—y(x)) dx
x RI\U/
the same upper-bound holds for |u/*" — ,uU/,,,’Z|(N(U/u - =0), which leads to the estimate

T — gy -] <2z exp(—2,) / exp(—/1(x)) dx,
RAU]

where ||v|| denotes the total variation of a signed measure v. Then,

P (Xf(-)eA (mm ;,T,M,m”) )
< / P (X”(-)eA (mm ;,T,M,mp> X”<0)=é) () dpn)

W = bl

By Lemma 2.6, assumption (3.6) and the above inequalities the series in Lemma 3.2
converges. [

We fix the parameters 0 <#, <x; <1, T€N and p < N.
By the scaling property of the Brownian motion B and Doob’s inequality, we control
the modulus of continuity of B as follows:

oo (m+1)?
Z Z P (AO,T,I/,,,(B,-)>m"" for some i with min_ [ X/ (1)) <m1’) < + o0.
m=1 /=mpP telo1]
Combining this and Lemma 3.2, by Borel Cantelli’s Lemma, for almost all , there
exists M € N and my=mo(®w) € N such that

for m=>my and m? </ <(m+ 1)?, X’ (), X"\ () e Am™ ,m™"**, 1/m, T, M, m”)

and Vie | J J(X'(1).Uw), VHEO,T), Ao rn(B)<2h".
te[0,T]

We are now looking for an upper bound for | X/ —Xi/“| when i belongs to some
subset of indices.

To this aim we need a comparison lemma formulated under the following generality:
for a=1,2, let x*) € X, and J(a) be finite subsets of N. We also define two drift
functions on (R?)’® by

1
P (x)= — 5 Y Vi —x)) +c(x), i€d(),
JEJ(2)

where ¢ = (¢™); ¢ s is an (R?)’*-valued Lipschitz continuous function. We denote
by (E(1), p)(¢)) the unique solution of (3.1) with J =J(a), x=x*, b;=5") and
w e Wo(RN fixed not depending on o.
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Lemma 3.3. Suppose that there exists R,Ry,R; >0, M € N*, £0>0, ¢1,6,>0,0<0<T
such that
(1) (2) <g(R) if x: € U, 3.11
|Ci (x)|7|ci (x)‘\g( ) lf Xi € UR,—R» ( . )

VieJ(xD, Ug, ) UJ(x®, Ug,),Yhe10, T1, |x\" —xP| <&y and Ag 75(wi) <2h*,
(3.12)

6(1)(')55(2)(')EA(81982355 T5M>RO)' (313)

If 2(eo+¢e1) <ey <r/M and k satisfies k(Mr+R) <Ry <Ry, then, there exists a constant
C7 such that for all indices a satisfying |xf,l)| <Ry — k(Mr + R) and for all t €]0, 4],

(KC75)

|ED(1) — ED(1)| < CreKTe + (g0 + 2¢1) + 3C79g(R)e .

(Recall that K is the Lipschitz constant of V&g defined in (1.7)).

Proof. Put R’ =Mr + R. By (3.13) for any a € J(x*), Ug,_x'),
Ao rs(EP () <er,  #C(r + e, 57, X <M, a=1,2.
Since & <r/M, we sece that
C(r+ e3,x, x)C U, s, 2 =1,2.
We put
Ja)=J(xD, C(r + &,x{, x1)),

Jr(a) =T (x", Up; o, (C(r + &2,xD, x1))).
Then, since (M — 1)(r + &) + R+ & <R, we have

acd(a)Cdp(a) CJ(xV, Up(xV)) and #I(a)<M. (3.14)
By (3.12) and (3.13), for ¢ €[0,0]

&0 = &V 28 — 260 >0 if i€ d(a),j ¢ Na),

1ED(1) = ED(0) |z 62 — 261 — 260>0, if i€ 3(a),j ¢ (a).
Then we have, for a=1,2,7€[0,4], and i € J(a),

&= ﬂ”+WWUH—§j/Y5Wn &) dp(s),

Jj€da)
where
W) =)~ 5 Q/V¢@Ww &%»®+/ (s, £(s)) ds.
jeJ (o)

For x =(x1,xy,...) such that x ={x,x;,...} € X and for any non-empty finite subset
J of N, we denote by x;=(x;,icJ)e(R?) the projection of x on (R?)’ and by
|x|; = max; ¢ y|x;| its supremum norm.
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Since each process & J](a)() is solution of a Skorohod equation, we can apply

Lemma 2.2 for a state space dimension m = #J(a)d bounded by Md and for w= WJ%))
Remark that

Vhel0,T],  Aora(W?)<2h™ +Vdh/2 + g(R)h

which tends uniformly to 0 for R >0 and i € J(a) when 4 tends to 0. So by Lemma 2.3
there exists a constant C >0 such that

Vi €[0,6],Vi € J(a). / () — s dpPs)|| <C.
Jj€d(a)

t
This implies
&7 = &) < 100 = &)l

v 1 2 1 2

< exp(2 MCIC)(|XSJ(Z) xj](i)l + HWj(a)) - WE(J)H;)
G @ (1) @

< M(m}(a) X5 T 1Wsa — Wi ll)s

where C; =M exp(2V/MC,C).

By (3.12) and (3.13) we have \é(l)(t)—é(z)(t)b(x(])ﬂ < &9+ 2¢;. Thus assump-

i G4)
tion (1.8) holds, and together with assumption (1.7) on V@, we have
(1) w@
|| WJ](a) JJ(a)Ht

Z > / (Vo (ED(s) — ED(5)) — V(&P (5) — EP(5))] ds

16 d(a) j € Ir(a)

HY Y / (V&1 — &N )] + [VB(ED () — e s ds

i€ d(a)j & Ir(a)

+ D / (1cDED($))] + [P (s))]) ds

i€ J(a)

1 t
<5 Y K[ max | E0(s) = ED(s) — EP(s) + EP(s)] ds + 3Mg(R)e
2 icla Y0 7€R@

t
< MK / |ED(5) — ED($))|gg(a) ds + 3IMg(R)L.
0
Then we have, for ¢ €[0,d],
|ED(t) — EP ()

t
< GfxM — ¥y + KC; / 1ED(s) = ED ()| g ds + 3C7g(R)E. (3.15)
0
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From (3.14) we see that if a € J(xV), Ug,_oz/) and i € Jr(a), then i € J(xV, Ug, _r/)
and so we can apply the above computation to the ith coordinate: for 7 € [0, J],

ISR OB 0]
t
< Gl — x@) 5 +KC7/ |ED(s) — ED(s)|upaiy ds +3C7g(R)E. (3.16)
0
Since J(i) C J(xV, Upp (x4")), from (3.14) and (3.15) we have for each ¢ € [0, 5]
|ED() — EP ()

1 2
< Gl = xt )|J(x“>,U2R/(xf,”>>

1
1 2
+KC7/0 <C7|x( P =0 v

t
+KC7/ 1ED () — 5(2)(”)‘J(x<”,UZR/(X§1))) du + 3C7g(R)s> ds
0

+3Crg(R)t

1 2
< G+ KC)|xD —xP, o)

t S
+(KCy)? /0 /0 1E0w) = EP W) 00 0, (i) duds

+3C79(R)(t + KC1£2/2).
Repeating this procedure, we obtain for a € J(x'V, Ug, _sz/)
1E0() — &P (0)]

<Crexp(KCnIx =20 400,

t 4 te—1
+(KC7)k / / e / |§(l)(tk) - 6(2)(1‘1()lJ(x(l)’U/R,(x(U)) dty -+ dipdyy
0 Jo 0 e

+3C79(R)t exp(KC7t).

Once more, by (3.12) and (3.13) we have |E(D(¢) — 5(2)(t)|1(x<1) Uy (D)) S0+ 261
Then we obtain the desired estimate. [J

For m>=mg large enough such that 4m="' <m~™"* <r/M, and for ¢/ in the following
interval m? </ <(m + 1)?, we put J(1)=J(Xo(®),Uy), J(2)=J(Xo(®),Us11),

=g Y Ve X)) — 3 T,

JlXi(@)| =4

1 :
Do VO — X)) = S VYO,

JlXi(@)|2/+1

N = N

2
cf )(x) = —

er=m ", e =m", 5=1/m, R=m?™3, Ri=¢/ —R.
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For tc[0,1/m] we put x=x®=Xy(w), e=0, Ry=2Tm?~" and apply
Lemma 3.3 with k£ =m. Then, there exists m; such that, for m>m;,

, 1
X/ (,1) = X/ (o, 0 <a(m), 1 €J(Xo(@), Untue—mp)s 1 € {0, m} :

where

2 (KC7\"
a(m) == (—C7) 4 2 P exp(KCy/m).
m! m m

For t€[l/m,2/m] we put x)=X"(w,1/m),x? =X""w,1/m),e=a(m), Ry=
(2Tm?* — m)R and apply Lemma 3.3 with k =m. Then, we have

, 1 2
X/ (0,8) = X{ T (w,0)| <(1 + Co)a(m), i€J(Xo(®), Untme—2mp)> L€ {m’m]’

where Co =sup,, ., (C7 exp(KC7/m) + 1/m{(KC7/m)™) < + oc.
Repeating this procedure, we have for all i € J(Xo(w), Upyp—1), £ € [mP,(m + 1)P]
and 1 €[0, T,
mT—1
X/ (,8) = X[ (w,0)|<a(m) Y C§=a(m)
k=0

cyr 1
Co—1°

Hence, we can choose my >m, such that for any m>m; and i € J(Xo(®), Upyp-1),

o0 oo (n+1)?
l /41
D supe ol (0.0 =X 0.0l < 30 Y atn) i
{ =mp n=m{=npP

> cnT
< Yt D g

<o) (i, + Csrexp<—ﬁ1nﬁz<f’—3>)) .
n=m
This series converges if we choose the parameter p>= po> 1/, + 3 (we recall that 5,
is the exponent appearing in the exponential decreasing of V&g (1.8)).
So there exists X°°(+) such that, for all i € J(X(w), Up,p-1) and £ >m?,

c
sup | X/ (w,1) — X>(w, t)|<i (3.17)
te€[0,T] !

Thus we obtain

P ({lim 81[1p X/ (t) — X>°(t)| =0, T>0, i€ N)
—relo
which is exactly the condition for X’ to converge a.s. in W(X) to X°°.

Since the process X°°(-) is the limit of X’(-), the reversibility of X°°(-) is a conse-
quence of the reversibility property for X’(-) (see the proof of Theorem 2 in Tanemura
(1996)).

Remark that any canonical Gibbs state associated to the potential @ is also a re-
versible state for the process X°°, since it is a mixture of Gibbs states (with respect
to the activity parameter z).
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From Lemma 3.2 and (3.17) we easily have

o0

c
E P <X°°(~)€A (m_’“,m_“z,l,T,M,mp) ) <00
m

m=1
and so P(X>*(-)e¥NnoO)=1.
The proof of Proposition 3.1 will be complete by proving the following lemma.

Lemma 3.4. The process X°(t) is the unique solution of (1.12) with initial condition
equal to Xo={X1,X2,...}.

Proof. By the same argument as in the proof of Lemma 3.3 for any a € N and suffi-
ciently large / we have finite subsets J/(k/m,a) > a, k=0,1,...,mT such that

i 1
X/ (t) = X/ ()| >m™, iel’ f,a , jel 5,a , L€ 5,]i )
! J m m

m m

By virtue of estimate (3.17) for sufficiently large / we can chose J/(k/m,a), k=
0,1,...,mT, to be independent of ¢/ and denote them by J(k/m, a), k=0,1,...,mT.
Then we have

X/(t) = X/ <k> + Bi(t) — B <k> _1 > l Vo X/ (s) — X/ (s))ds
i i m i i m i J

2 F, k/m

! : k k k+1
Y [ @ -xenae. ieﬂ(—,a),re[—,i}
; k/m m m m
J € J(kjm,a)
By Lemma 2.2 we obtain
k 1

o0 o0 k ' o0 (o]
X>(1) = X, (%> + Bi(t) — B; (%> _E; k/mvass(xi (s) = X7°(s)) ds

! k k k+1

N (X,-°°(s)X_,-°°<s))dL,?;O(s),ieJl(,a),re{,*]

J € Ikm,a)” Kim m mom
(3.18)

which implies that X°°(-) is a solution of (1.12).

Suppose that Y(-) is also a solution of (1.12). Let X*°(-,w)€ ©® and Y(-,w)€¥.
For any T€N, myeN and p> py, we can choose 0<rx<x'<1 and m>m; with
m~*>4m=" such that

1 r 1
Y(,w)e¥ {m",—,T,M,mP] , X®(,mw)en {m" ,—,T,mp} .
m m

Then we can take a sequence J(k/m,a) > a for which (3.18) holds for each k=
0,1,...,mT and

k k 1 !
OB’ (z) +B(1) - B (a) —320 [ Vo)~ Y5 ds

F k/m

t . k k k+1
¢ 5 [ o ics (L) ve [LE0Y]

Jj € d(k/m,a)
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Then by the same argument to get (3.17) we have

c
sup |Yi(w,1) — X(w,0)| < —2 i€ J(Xo(®), Uppo1).
(€10,T] m!

Since we can take m as large as we want, we have X(t,w)=Y(t,w),t€[0,T],
for any 7>0 and @ in a set of full probability. This completes the proof of
Proposition 3.1. [

4. Solution with deterministic initial condition and measurability properties

For x = {x1,X2,...} €X and w=(wy,w,...) € Wy(R?)V, we consider the following
system of equations (4.1) under the conditions (4.2) and (4.3):

VieN,

=+ w05 3 [ V0UE6) - N ds 3 @ - G)dns)
jen’o jen’o0
4.1)

O)y={&C)r&0), - hiegneo. (4.2)
pij»i,j € N, are continuous nondecreasing functions with p;;(0)=0, p;; = p;;

4.3)

and
pi(1) = / Loy (14s) — () dpy(s).
0

We denote by = the set of all elements (x,w) of X x Wy(R?)N for each of which
there exists a solution &(z,x,w) of (4.1). By the same argument as in the proof of
Lemma 3.4, we see that &(f,x,w) is the unique solution of (4.1). Remark that if
x(-1)€€NO, then x(s+-)€bNO. So, for (x,w)c =,

(&(s,x,w),0w)€E, 5=0 (4.4)
and

E(s+ t,x,w)=CE(L, E(s, x,w), 0,w), 5,620 4.5)
by virtue of the uniqueness, where O,w(¢) =w(s + t) — w(s). Put

R tx,w) if (x,w)€Z,

<t x,w)=

x otherwise

for 1>0. Similarly as in Lemma 6.1 in Tanemura (1996), we can prove that:

Zis B(X x Wy(RY)V)-measurable, (4.6)
(,x,w) — £(~,x,w) is measurable from X x Wo(RY)N to W(RY)N endowed

with their Borel fields. 4.7)
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End of the Proof of Theorem 1.4. (i). By Fubini’s theorem
P={xex: PPN (E)=1}
is a measurable subset of X where =, ={we Wy(R))V: (x,w)€ E}. By Proposition

3.1, if the distribution of X is u € 9(z, @), for some z >0, then P((X,B)€ Z)=1, and
so P(Xe€9)=1. We put

P(t,x,A) =PIV (E(t,x,-) € A)

for t>0, x€ 9 and A€ H(Y). Suppose that x €Y. Then (x,B) € Z, as. and so by
(4.4) and (4.5)

(&(t,x,B),0.B)e =, as.and &(t+tx,B)=¢(tE(n,x,B),0.B), as.

for any Z;-stopping time 7. From the strong Markov property of B we see that
&(t,x,B)€? as. and

P(&(t+t,x,B) € A|F) = PN (&t &(v.x. B), ) € 4)
= P(ls i(f, x,B), A)7 a.s.
for t>0 and A € #(9). This means that (¢, x,w) is a strong Markov process. [
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