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Abstract

We consider infinite-dimensional random diffusion dynamics for the Asakura—Oosawa
model of interacting hard spheres of two different sizes. We construct a solution to the
corresponding SDE with collision local times, analyse its reversible measures, and observe
the emergence of an attractive short-range depletion interaction between the large spheres.
We study the Gibbs measures associated to this new interaction, exploring connections to
percolation and optimal packing.

Résumé

On considére une dynamique aléatoire infini-dimensionnelle représentant le modéle
d’Asakura—QOosawa pour des sphéres dures de deux tailles différentes qui intéragissent. On
construit une solution de PEDS réfléchie correspondante, avec des temps locaux
correspondant aux collisions entre sphéres, et on analyse ses mesures réversibles. On
constate I’apparition d’une attraction & trés courte portée entre les grosses sphéres. On
étudie les mesures de Gibbs associées & cette nouvelle attraction, dite de déplétion, en
explorant ses liens avec la percolation et I’empilement maximal.

Key words and phrases: Stochastic differential equation, Hard core interaction, Reversible
measure, Collision local time, Colloids, Depletion interaction, Gibbs point process
MSC2020: 60K35; 60H10; 60J55; 82D99

1 Introduction

In this work, we consider colloidal dynamics, that is the motion of large colloidal particles within
a medium formed by much smaller solvent particles. The model is inspired by the Asakura—
Oosawa (AO) model [AO54] of Chemical Physics; there, the authors introduce a size-asymmetric
binary mixture of hard spheres to model colloidal suspensions, successfully explaining the origin
of an attractive interaction that is observed when looking at large colloidal particles in a solution
of non-adsorbing polymers, and which is referred to as “attraction through repulsion” [LT11]. We
consider a modification of the model, due to A. Vrij [Vri76], in which the colloids are represented
as large hard spheres, and the polymers as small penetrable spheres, which we will call particles.
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We present here a two-fold study of this model — both from the dynamic (infinite-dimensional
SDEs) point of view, and from the static (infinite-volume Gibbs point processes) one.

Indeed, already in the early 20th century, J. Perrin observed that these objects are char-
acterised by a Brownian-type motion [Per09]. To preserve shift invariance, we are therefore
modelling infinitely-many hard spheres in Euclidean space, randomly-diffusing through a ran-
dom medium of infinitely-many randomly-diffusing very small particles. Since spheres cannot
overlap, and spheres and particles do not overlap either, the model is an infinite-dimensional
SDE with normal reflection on the boundary of the set of forbidden, overlapping configurations.

Since the pioneering work of A. V. Skorokhod [Sko61, Sko62] on half-spaces, pathwise solutions
of reflected stochastic differential equations have been constructed on finite-dimensional domains
under boundary conditions of increasing generality: see H. Tanaka [Tan79] for convex domains,
P.L. Lions and A.S. Sznitman [LS84| for admissible domains, H. Saisho [Sai87| for domains
satisfying exterior sphere and interior cone conditions, P. Dupuis and H. Ishii [DI93, DIO8| for
non-smooth domains, and [Fral3| for domains defined by a finite set of constraints. On the
other hand, infinite-dimensional Brownian diffusions, without boundary condition, have been
first studied by R. Lang [Lan77] and H.-O. Georgii [Geo79]. Our present work combines the
difficulties of infinite-dimensional Brownian systems and those induced by the reflection on the
non-smooth boundary of the domain of non-overlapping configurations.

H. Tanemura [Tan96] first used such an infinite-dimensional reflected SDE to study a system
of infinitely-many identical Brownian hard balls. His results have been extended to identi-
cal hard balls that also have an additional smooth interaction with potentially-infinite range
(see [FROO, FRT00, FRO7, Tan22]). Recently, we extended these ideas in [FKRZ24]| to two-type
hard-core diffusions, in order to construct dynamics for the Asakura—Oosawa model. However,
the results therein were limited to a finite number of large hard spheres in a bath of a infinitely-
many particles; as a result, the model in [FKRZ24], though isotropic, does not have the spatial
invariance which can be expected from a colloidal suspension at such a microscopic scale.

The aim of the present paper is then to constructs a more natural, shift-invariant Asakura—
Oosawa dynamics, where both the hard spheres and the particles are infinitely many. This
natural generalisation is clearly not straightforward: since spheres, contrary to particles, are
not penetrable, an infinite number of spheres induces infinite-range non-overlap conditions; this
requires precise estimates (namely, to control so-called bad paths) which lead to new, highly
non-trivial, technical difficulties.

Colloids and the phenomenon of depletion interaction have recently been investigated using
the tools and language of Statistical Mechanics. For example: in [JT20], the authors use the
emergence of the effective depletion interaction to show that cluster expansion converges in an
improved activity regime; in [JKSZ24], the Gibbs variational principle is shown to hold also when
the size of hard spheres is unbounded; in [WJL23], the authors analyse geometric criteria for
the absence of multi-body depletion interactions. In this framework, our work shows how the
Gibbs measures at the heart of the above studies come up naturally as the reversible equilibrium
measures of the colloid-polymer dynamics.

The core of the paper is dedicated to the proof of existence of a unique strong solution to the
two-type infinite-dimensional SDE that is introduced in Section 1.2: in Section 2, we construct
a sequence of approximating processes via penalisation, and in Section 3, we prove that such a
sequence converges to the unique solution of the SDE. In Section 4, we analyse the emergence of
the depletion interaction. More precisely, we consider the projection of the reversible measures
onto the subsystem of hard spheres. We prove a correspondence between the two-type and the
one-type Gibbs measures, and present an infinite-dimensional gradient diffusion associated to
these measures. Finally, we show that in the low-activity regime there is absence of percolation,
whereas the high-activity regime leads to the phenomenon of optimal packing.



1.1 Allowed configurations of spheres and particles

We consider an infinite number of large spheres with radius # > 0 and centres &, &2, ... in R?
d > 2, along with an infinite number of smaller spherical particles with radius 0 < 7 < 7 and
centres &1, &2, ... in R%. This two-type system is subject to the following non-overlap constraints:
the large spheres are not allowed to overlap; the small particles can overlap each other, but are
not allowed to overlap the large ones.

The configuration space is the set M of locally-finite Radon point measures on X = R?x {o, -},
i.e. those of the form x = XX = Y,/ 0s: + D pex Oi, With &; € R? x {o}, @ € R? x {-} for
I,K ¢ N* =N\ {0} = {1,2,...}, such that x(A) < 400 for any compact subset A C X. M is
endowed with the topology of vague convergence.

The sum of two point measures is denoted by the juxtaposition xy := x +y. As the point
measures we consider are a.s. simple, we identify them with their support. For any A C R?
YA =y N A is the restriction of the sphere and particle configuration y to A. We denote by
M, the corresponding set of point measures on A x {o,-} and by pa the restriction to My of a
measure g on M. The above notations are, of course, analogous when considering only sphere
or particle configurations, leading to /\j(A and MA, respectively. We denote by dzp the Lebesgue
measure on A.

According to the non-overlap constraints, the subset D C M of so-called allowed configura-

tions is
o e CVi# g, |ii—:%j\ > 27,
Z)—{X—XXGM. Wik, |di— g > P4 [

The second constraint describes a depletion shell of thickness 7 around each sphere, that is
forbidden for the centres of the small particles. Given an allowed configuration x of hard spheres,
in order for the configuration xx to also be allowed, the particles x cannot be placed within the
forbidden area B(x) := ;¢4 B(1, %), where 7 := 7 + 7 is the depletion radius.

Here and in the sequel, B(z, R) denotes the open ball with centre = and radius R, |A| is
the d-dimensional volume of A C R%, and vy := |B(0,1)| the volume of the d-dimensional unit
sphere.

1.2 Dynamics for the AO model

Having fixed notations, we can now introduce our dynamical model. Fix a probability space
(Q, F, P); the system is described as follows:

o Infinitely-many hard spheres with radius 7 > 0, whose centres at time ¢ are denoted by

(Xz(t))I e+ move according to independent Brownian motions (Wl)z N+

e The hard spheres evolve in a time-inhomogeneous random medium consisting of infinitely-

many small particles with radius 7 € (0, 7), whose centres at time ¢ are denoted by (Xj(t)) keN*?

themselves moving according to independent Brownian motions (Wk) beN*"

o The only interactions are due to the non-overlap constraints. The local times (Lij;); jen-
ensure that there is no pairwise overlap between the hard spheres: in case of a collision, they
induce an instantaneous repulsion given by a normal reflection at the boundary of the set of
allowed configurations. Similarly, the local times ({;1); ren+ model the non-overlap constraint
between small particles and hard spheres. As a result, at each time, the two-type configuration
should belong to the set D of allowed configurations.



This two-type dynamics can be described by the following doubly-infinite SDE with reflection.
for any ¢ € N*, kEN* te Ry,

dX;(t) = dWi(t +ZX X;)(t)dLi;(t) +ZX Xp) () dl ()

+oo

dXy(t) = 6 dWy(t) + 6% (Xi — X;) (£)dlig(t) (Soo)
j=1

Vj e N*, Li;(0) = £i(0) = 0, Lij = Lji, Li =0,

t t
Lo oo dLi(s)=0, [ 1. dly(s) = 0.
/0 ()~ o)l AL (5) /O e (s)— X (22 Bk (3)

The diffusion coefficient ¢ > 0 is fixed, related to the temperature and to the mass of the small
particles. We do not introduce a corresponding coefficient ¢ for the hard spheres, i.e. we simply
set it equal to 1; this is not a restriction, as it suffices to choose, as the time unit of the model,
the time at which the standard deviation of each coordinate of the Brownian motions W; is equal
to the length unit of the model.

1.3 Main results
The following set of Gibbs measures will be the reversible measures for the above system.

Definition 1.1. For a probability measure p on M, we write 1 € G; ; and say that it is a Gibbs
measure on M, with activities z, 2 > 0, associated to the above hard-core interaction, if, for any
bounded subset A C R? and any positive measurable function F on D,

| Pentn) = [ s [ [ i) 1oy mi @) mi@ play). (1)

where 75 (d%) denotes the Poisson point process on M, with intensity measure Zdzy, 73 (dx)
denotes the Poisson point process on My with intensity measure Zdx, and the normalisation
factor Zx(y) = Za(yac) = [[ Lp(yaexx) 73 (dx) 73 (d%) is the partition function.

Remark 1.2. Note that u € G; ; is concentrated on the set O of admissible configuration. Also
note that Zx(y) < 1, since 1p < 1, and Zx(y) > 0, since y € D and xx is a finite configuration.

While the existence of at least one such measure, for any choice of the activities Z and 2, is
a classical result (see, e.g. [Rue99|), it is conjectured [LT11, Chapter 3| that a non-uniqueness
phase transition, that is Card(G; :) > 1, occurs for large enough hard-sphere activities.

The first main result of this paper is the following theorem, whose proof is split in Sections 2
and 3. See Section 1.4 for the proof strategy.

Theorem 1.3. For any values of the activities z, 2 > 0, for any Gibbs measure p € G; 3, the two-
type infinite-dimensional SDE (S.,) admits a unique D-valued strong solution, for u-almost every
deterministic initial condition. Moreover, this solution is time-reversible if the initial condition
is random and distributed according to .

In Section 4, we investigate the emergence of an effective depletion interaction. The main
results can be summarised in the following two theorems.

Theorem 1.4. For any values of the activities z, 2 > 0, the sphere marginal probability measure
foof any p1 € Gs ; is an element of G;(28), i.e. it solves, for any bounded A C R? and any positive
measurable F' on M,

[ Pitix) = [ 2o | PGane) e (= 28a(x5) Lo(acs) mh (@ ji(ay). (12
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where Ej (x) := |B(xa) \ B(xac)| has interaction range 27, Moreover, the following behaviour is
observed:

(Low activity) There exists a critical activity Z. > 0 such that, for any z < Z., independent
of any Z > 0, fi-almost surely, there is no percolation of interacting (i.e. at distance 2?) hard
spheres;

(High activity) For any Z > 0, any measure i1 € G:(2E) attains the closest-packing density
as z — oo.

It is worth noting here that the above absence of percolation result in the low activity regime
(Proposition 4.3 below) relies on the same estimates needed to control the pathologies in the
dynamics (as described in the next section) required for proving Theorem 1.3.

Theorem 1.5. Let (%) := [B(x)|. For d > 3 and #/#* < 21/3 — 1, for any values £, 2 > 0, the
following gradient dynamics admits a unique strong solution, and g € G:(28) is reversible for
this dynamics:

([ for any i € N*, t € RT,

. “+00
dX;(t) = dWi(t) — g Vi (X1, X, )dt + > (X — X;) ()dLi(1),
j=1

t
Vi € N*, Lij(O) =0, Lij = Lji7 /0 ]1|)O(i(s)—)2j(s)\7é2f dLij(S) =0, L; =0.

(8%)

Remark 1.6. The effect of the depletion interaction & is stronger the larger 2 is, but both
the measure and the associated dynamics exist for any value of the activity, cf. Section 4.2.
Moreover, because of the hard-sphere exclusion, the average number of spheres per unit volume
is bounded from above, independently of the value of the activity 2, which can take arbitrary
values.

Note that the solutions of the above theorems are unique in the sense of [Tan96, Lemma 5.4],
that is as elements of a set of regular paths, see Remark 3.10.

Remark 1.7. For the two SDEs above, (So) and that of Theorem 1.5, since the dynamics
are Markovian, in order to construct a strong solution on R, it is enough to construct one on
the time interval [0,1]. Indeed, the solution on [0,2] can be obtained by glueing together the
solution on [0, 1] with a new dynamics on [0, 1] started from the final configuration of the first
one. This can be iterated to extend the solution to the whole of Ry. In what follows, then, we
will construct the solutions only on [0, 1], as the existence of solutions on R, follows.

1.4 Strategy of proof

The following two sections are dedicated to the proof of Theorem 1.3. As the proof is quite
technical, requiring very precise control of rare pathological events, we present here an extended
proof sketch.

The underlying idea is relatively simple: even though (S.) is infinite-dimensional because
of the infinite number of balls (spheres and particles), locally, it should be essentially finite-
dimensional, in the sense that any Brownian ball interacts (with high probability) only with a
finite number of other spheres or particles. More precisely, since Brownian motion is relatively
slow (moving at speed \/Z), we should be able to assume that, over a small time interval, the
trajectory of a ball depends exclusively on its own Brownian motion and the collisions due to
neighbouring balls, safely ignoring far-away ones, as the probability that they cover their distance
is negligible. With this reasoning, we can then divide the time interval [0, 1] in finitely many short
time intervals in which the balls interact only in finite groups of controlled size, thus reverting
to the framework of finite-dimensional SDEs, in which the existence of solutions is well-known.



For this simple strategy to work, not only should the Brownian balls not move too fast,
but also far-away balls should not influence each other too quickly in any other way; this is
unfortunately not true in general. Indeed, a domino-like effect can cause distant balls to interact
almost instantaneously if there is a collision along a long chain of spheres that are very close to
each other. In order to rigorously follow the above reasoning, we then need to show that these
two pathologies — too-fast Brownian balls and too-long chains of spheres — almost never occur;
this is the main technical difficulty.

In more detail, the main steps of the proof are as follows:

Step 1: Construction of penalised finite-dimensional dynamics. In Section 2, we
consider, for any initial configuration y = gy and for any ball of radius R > 0 around the origin,
penalising functions 1@]{ and 1@’% that will keep around B(0, R) the spheres and particles initially
placed inside B(0, R) while also penalising them for getting too close to balls outside B(0, R),
cf. (2.2). Letting move and collide only those balls initially placed in B(0, R), while keeping frozen
those outside, we obtain the finite-dimensional SDE (S7,), in which the influence of the infinitely-
many frozen balls is felt only via the drifts V@Z)% and V&%. For any number n of moving spheres
and m of moving particles, (S%) admits a unique strong solution [0, 1] > ¢ — XY Bnm(x, 1) for
all initial configurations x (arbitrary or coinciding with ypg(g,r))-

Step 2: Reversible approximations and consistent initial conditions. In order for
the finite system to converge towards a solution of the infinite-dimensional SDE (S..), two
properties are needed: (1) Being at equilibrium, i.e. time-reversible, to obtain the estimates in
total variation needed for the convergence; (2) Having consistent initial configurations, coming
from the restrictions of the same infinite y to B(0, R) as we let R tend to infinity.

Since the reversible law of each finite system depends on the specific R, it is clear that the two
properties, as stated, cannot hold at the same time. In Section 2.3, we construct the reversible
solution of (S,) whose law Q% has as marginal at each instant the equilibrium law u‘é of the
finite-dimensional system penalised on B(0, R). We will compare it with solutions X¥"f of (S%)
with starting configuration y g r) that, integrated over u(dy), asymptotically yield a reversible
solution of (S, ), and finally show, in Step 4 below, that the two solutions coincide as R — oo.

Step 3: Path-by-path convergence on a subset. In Section 3.1, we fix an initial
configuration y and w € €, hence fixing a realisation of all the Brownian motions. We consider
the solutions X¥>f* and X¥-f'+1 of the finite-dimensional dynamics in B(0, R) and B(0, R + 1),
respectively. We show that, if w does not induce very long chains or very fast balls, when R is
large enough, the trajectories of balls close to the origin do not feel the penalisation and coincide
under the two penalised processes. This yields, for the trajectory of each sphere or particle, a
stationary (thus converging) sequence. These trajectories are then solutions to (S,) without
penalisation, hence they solve (S..). We call Y the subset of Q of such good realisations, and
note that it depends on the choice of several parameters, cf. (3.1), which play a central role in
the next step.

Step 4: Pathologies are negligible. In Section 3.2, we show that the subset ¥ C € on
which we have the convergence is of full mass for p-almost every initial configuration y. Since
w ¢ QY means that the previously-mentioned pathologies are present for an infinite number of
R’s, thanks to the Borel-Cantelli lemma, this reduces to showing convergence of a series. The
only difficulty amounts then to a careful choice of the afore-mentioned parameters.

Under the reversible laws Q%, it turns out that chains longer than x(R) := | RY?] of spheres,
in or around B(0, R), closer than & from each other at times multiples of §(R) := 1/|R'/3| are
exponentially-unlikely as R increases. Similarly for the probability that a ball going through
B(0, R) moves by more than £/4 in the time interval of length §(R). This informs the choice of
the parameters in 2¥. The penalisation is then strong enough for the total variation distance
between the laws Q’é and the law of X¥% with y ~ yu to converge at summable speed, completing
the proof.



Remark 1.8. Note that the above proof does not depend on the choice of intensity for the
reference Poisson point process, cf. (1.1), and hence our result holds for all values z, 2 > 0.

2 Construction of the approximating process

Let p € Gz 2, 2,2 > 0. In this section, for y-almost every initial condition y € D, we construct,
via a penalisation procedure, a sequence of approximating processes that start from an approxi-
mation p%, of the candidate reversible measure for (S.), and that mostly stay in B(0, R). The
solution of (S.,) will then be shown, in Section 3, to be the limit as R — oo of such a sequence.

2.1 Penalisation functions

For every fixed radius R > 0 and outside configuration y = yy € D, we define B% (resp. Bﬁ)
as the part of B(0,R) in which the centre of a sphere (resp. a particle) can be put without
conflicting with the y spheres and particles whose centres are outside of B(0, R), that is:

B} := B(0, R) \ Bl 0.y 27) \ B¥po.pyes 1)y By = B0, R)\B(Ypo.ry) (2.1)

The sphere-penalisation function w% : RY — R and the particle-penalisation function w% ‘R4 —
R are chosen among non-negative functions of class C? with bounded derivatives, such that
V&% vanishes on é%, V@’% vanishes on B%, and they are small enough outside of BI% and B%
respectively, in the sense that:

Z/ ) dz < 400 and Z/ 7(*) dg < +o0. (2.2)
BY,)e BY)e

That is, for the finite measures on R? defined as A’é(dx) = e Yr(®) di, and A’é(dx) = e VR dg;,
where dz denotes the Lebesgue measure, we assume that > hey )%((Bf%)c) + )%((Bf%)c) < 400.
An example of such functions 1/1}% and 1!13'2, having linear growth with respect to the Euclidean
norm at infinity, is given in Section A.1.

These penalisation functions will be used as drifts in a finite-dimensional penalised dynamics
whose solution will be shown to approximate the solution of (S).

2.2 Penalised SDE

We consider the penalised SDE around B(0, R) for a finite number n of spheres and a finite
number m of particles given by

forany i € {1,...,n}, k€ {1,...,m}, t € [0,1],
. . . 1 [t
Xi(t) = X;(0) + Wi(t) — 2/ VY (Xi(s

0

+Z/ (Xi_Xj)(S)dLij(s)"_Z/ (Xi — X)) (s)dlin(s)
Xp(t) = Xu(0) + & Wit —/ Vi, (Xi(s) ds+022/ Xy — Xi) (s)d(s)

vje{:l:?n}: LZ]( )_€Zk< )_07 LZj—lev LzzEO

t t

15 : . dL;;i(s) =0, 1 . . de; =0.
/0 |Xi(s)=X;(s)|#27 i(5) /0 X3 (s)— X1 (5)| 27 k()

The existence of a unique solution to the above system follows from [FKRZ24, Proposition 2.2]:

(Sk)




Proposition 2.1. For any fixed outside condition y € D, any fixed radius R > 0, and any
number n € N of large spheres and m € N of small particles, the penalised finite-dimensional SDE
with reflection (S},) admits a unique D-valued strong solution X¥-#:mm (x) = (X¥-Bnm(x ), t €

[0,1]),

>y,R -y, R R R,
Xy,R,n,m(x’t) — (X,Ly’ ,n,m(X’ t)’XZG ’n’m(x,t),LZ)-;-’ 7n,m( )’gzyk’ nm(x’ t))lgi,jgn,1gk§m’

for V}’%’n’m—almos‘c every deterministic initial condition x = Xx = (Z1,...,Zn, &1,...,%m) € D,
where the measure VI};L nm» concentrated on the admissible configurations with n spheres and m
particles, is defined, for any positive measurable function F' on D, by

/ F(x)dv),  (x):= / / F(5k) Lp (3%) @7, N (dig) @7y M (diy).  (2.3)
D »n Rnd JRmMd

. y . . . y
Moreover, the finite measure vy , . is reversible for the dynamics (Sh)-

Note that v}, . only depends on y via 1/1}}'% and 1/}3'2, which only depend on yp( gye. The

initial configurations x = xx given by Vﬁ}mm belong to D, but the superposition y g g)eXX is
in general not in D.
Remark 2.2. For n = 0, there is no sphere process and no local time process L;; and £;;; the
process XY-f0m(x ) = (X,Z’R’O’m(x, ‘))1<k<m
holds with the convention that x = 0, [po C% ®)_; )\%(dzxz) = C* and [ F(x) dl/]%70’m(x) =
Jama F(X) @) Ny (diiy).

Similarly, for m = 0, there is no particle process and no local time process ¢;;; the process
Xy Rn0(x 1) = (X¥Hn0(x, -),L%’R’"’O(x, -))19.’]5” only involves n hard spheres Then (2.3)

holds with the convention that x = and [ F(x) dvy, , (%) := [pna F( (%) @y N (d;).
For n = 0 and m = 0, the process is empty. For the bake of completeness in the sequel we
let [ F(0)dvggo(x) = F(D).

Definition 2.3. Let Q7 Ron.m denote the time-reversible pushforward measure of the solution of

only involves m independent particles. Then (2.3)

the penalised SDE (S7,) with initial measure vy nm’
()= [P (O 0) € ) ) (2.4

2.3 Mixture of penalised processes

We construct an approximation of the expected reversible measure u as a Poissonian mixture of
the reversible measures of the solutions of (S7},) for different numbers of spheres and particles:

“+o00 on +oo .

'uR: Zy Z nl Z m' an (2'5)

For any y, the following mixture Q, 7 of penalised processes distributions starting from ,u)}'% is

reversible:
400 on 400 .

R : Zy Z n! Z an (26)

m=0""
Finally, we define the approximate process X y’R as the solution of (57,) with n = #(y B(o,R)) and
m = §(¥B(o,r)), Where § denotes the number of points, and with initial configuration equal to
YB(0,R)Y B(0,R), that is,
Xy’R(‘) — Xy,R7ﬁ(§’B(0,R)),ﬂ(S'B(o,R))(yB(O R *)- (2.7)

To obtain Theorem 1.3, we will prove that, as R tends to infinity, the Q’é—distributed reversible
process converges, in a locally eventually-constant way, to a solution of (S..), and the distribution
of X¥f is arbitrary close to Q’é when the outside configuration y is chosen according to pu.
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Figure 1: Highlighted, an example of an e-chain of length x = 10.

3 Convergence of the penalised processes

In this section, we show that the penalised process XY converges to the solution of (S..): we
first prove, in Section 3.1, that the convergence holds in a certain subset of €2, and then, in
Section 3.2, show that this subset has full mass under the reversible measures. Uniqueness is
shown in Remark 3.10.

In order to prove the convergence, we have to check that balls (spheres or particles) only
interact locally, making sure that the probability of bad paths, i.e. those of balls that interact
with a great number of other ones, vanishes. The proof relies on the fact that long chains of
interacting spheres rarely form, and that balls coming very fast from far away also are improbable.
Let us first define these two events. See Figure 1 for a visualisation of a long chain.

Definition 3.1 (Long chains). For every positive radius «, every positive leeway ¢ and every
chain length k € N*, define the set of configurations which have a long sphere chain by

BChain(a, K, €) 1= {x € D s.t. for some {z;,,- - ,g%jﬁﬂ} C X,
|-701']1‘ S @ and ’j;]l _5;-]2‘ < 2724_8’ o "%]n _j;jnJrl‘ < 27{1_’—8}

For every positive time step §, the set of configuration paths whose d-discretisation presents an
e-chain is

Blhain (0, K, €) 1= {X: [0,1] = D s.t. Ik e N: X(kd) € BChain((l,K,E)}.

Definition 3.2 (Fast balls). For every positive radius a, every positive range ¢ and every positive
time duration 4, define the set of paths which have oscillation ¢ during ¢ as

Brast (e, 0, €) := {f € C’O([O, 1];]Rd) s.t. min |f(s)| <aand sup |f(t)— f(s)] > 5}.
0<s<1 |t—s|<6
0<s,t<1

The set of configuration paths involving a sphere or particle that moves too fast is defined as

Blast (@, 0, €) 1= {X: [0,1] = D s.t. Ji: X;(-) € Bpast (@, 8,¢) or Ik : Xp(+) € Bpast (v, 6, 5)}
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We will show that the approximate processes XY*% coincide for R large enough, as far as their
spheres and particles in some bounded area are concerned. This happens as soon as, for any
¢ smaller than some positive threshold £(y) and for all ranges R large enough, both processes
XY and XY-F+1 do not belong to the Blpain a0d Bp, . events given by e and some suitable
parameters 0, a, and k depending on R. Formally, the set on which the convergence holds, and
which will be shown to be of full measure, is:

Y = {w €Q:3e(y) >0Ve <e(y) dR(e) € Nsit. VR > R(e),
XV (w) ¢ Benain(0(R), a(R), 5(R), ), XY ¢ By (a(R),6(R),2/4), (3.1)

Xy7R+1(w) ¢ Bé}hain(é(R)’ a(R); H(R>7 5)7 Xy7R+1 ¢ Bi?ast(a(R)’ 5(R)7 6/4)}’

where 0(R) := 1/|RY3|, a(R) := R — 27 and k(R) := | R'/3].

The construction of a solution to (S ) is then split into the two following propositions, proved
in Sections 3.1 and 3.2 respectively, and a short Section 3.3 to check the reversibility of the limit
process obtained in these propositions.

Proposition 3.3. For any fixed y in the interior of D, for any w € Y, the sequence of processes

(X Y Rw),we Qy) ren- converges to a limit process that solves (S~) with initial condition y.

Proposition 3.4. Any Gibbs measure p € G; ; has its support in {y € D s.t. P(?¥) = 1}, that
is [ POY)pu(dy) = 1.

3.1 Proof of Proposition 3.3: convergence on a subset

Definition 3.5. For each configuration x € D, each radius p > 0, and each leeway € > 0:

o The set of spheres which belong to B(0, p) or to an e-chain connected to B(0, p) is:

o

J(x,p,€) = {z s.t. |z;] < p or, for some {z;,,---, %, } Cx, |Z;]|<pand

g, — G| < 2t e, |, — @] < 2 +e, |E, — & < 2f+g}.

o The set of particles which either belong to B(0, p) or are close to some e-chain connected to
B(0, p) is:

J(x,p,€) = {k: st |ig| < por Ji € J(x,p,e) with |iy — &) < (72—1—6}.

The following crucial lemma, proved in Section A.2, states that, if a collection of paths X
does not contain neither a very long chain nor a very fast ball, the balls around the origin form
an interaction cluster which, for a short but strictly positive amount of time, stays separate from
all other balls. More precisely, suppose that no ball entering the region B(0, o) travels a distance
of €/4 in a time of less than ¢, and that at no time multiple of 4 does any e-chain of more than
 spheres touch B(0,«). Dividing the time interval [0, 1] into intervals of length §, numbered
from a = 0 to a = 1/0 — 1 (assumed integer), we then have nested regions B(0, p,), with pq
decreasing as a increases, and nested collections J (X (ad), pa,€) and J (X (ad), pa, ) of spheres
and particles, respectively, each containing the next one. The balls that, at time ¢ = ad, are
either contained in B(0, p,) or near an e-chain that is connected to B(0, pg), until ¢ = (a + 1)d,
will then move very little away from this region during the next time step and only have collisions
with each other, since they will remain too far away from the other balls.
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Lemma 3.6. Assume that for a chain size k > 2, a time step § (inverse of integer), and a region
size o, the path X : [0,1] — D has neither too large a chain nor to large an oscillation, i.e.

X & Bipain(0, 0, k,6)  and X ¢ By (o, d,/4).

Fix p such that pg := p + 2£(2# + ) < a. Then, for any a € {0,1,2,---,3 — 1}, for all
t € [ad, (a+ 1)d], and for p, := po — 2ar(2r +¢€) = p+ 2(% - a>l€(270‘ +e):

« Spheres in J (X (ad), pa,€) do not bump into the other balls (separation property):

ngéj( (ad), pas€), Vléj( (ad), pa,€), |Xj(t)—)%i(t)‘>27o’—l—g,

Vk ¢ 5 (X(ad), pase), Vi € T (X(ad), pase), [ Xu(t) = Xa(H)] > F+ 2.

« Spheres and particles not too far from the origin stay around the origin (localisation property):

Wej( (a9), pas€), |Xi(t)|Spa+/£(2f+g)+Z

vk € J (X (ad), pase), ‘Xk()‘<Pa+H(27'+€)+T'+%

o The index sets form a decreasing sequence (nested inclusion property):

F(X(ad), pare) D> J(X((a+1)8), pas1.¢),
I (X(ad), pare) D F(X((a+1)6), pasr1,e).

Remark 3.7. This lemma will be used to show the convergence of the penalised trajectories
XY (w); we explain here the strategy.

By definition, since w € Q¥ for R large enough, the successive penalised trajectories XY (w)
and XY-#+1(w) do not have very long chains nor too fast balls. We can then apply Lemma 3.6
to find that, their balls starting in a very large region B(0, pg) have no collisions with balls
starting further away. Furthermore, X¥#(w) and X¥-#+1(w) are, locally, solutions of the same
finite-dimensional SDE on the time interval [0,1/4], since, for R > pg, their penalisation drifts
(Vzﬁ%, Vi/c}‘}%ﬂ, Vzﬁ%, and Vzﬁ%H) are equal to zero on B(0, pg). This means that the spheres
and particles starting in B(0, pg) have the same paths (starting from y at time 0) until time
t =1/8, in both X¥-®(w) and XY>f+1(w). The same reasoning applies on [1/6,2/§] on a smaller
region B(0, p1), using the fact that X¥:f(w,t) and X¥-F+1(w,t) coincide at t = 1/J in B(0, p1),
since the balls therein are those that were in B(0, pg) at time ¢ = 0. This can be iterated for 1/
time steps, to find that the trajectories of the balls starting at most at a distance p; /5 (given by
subtracting (1/d)-times the maximal length of chains from pg) from the origin coincide on the
whole time interval [0, 1]. Since py can be made arbitrarily large, this means that, for all balls,
there exists a value of R beyond which the penalisation no longer affects them nor any other ball
with which they interact. For any sphere i, then, the trajectories (XZy ’R(w, )) R coincide from
some R large enough on, and similarly for the particles. As a consequence, the sequence of paths

(Xy*R(w))R converges.

We now formalise the above reasoning. Fix a configuration y = yy € D, a radius p, and
consider an w € Y. By definition, for any fixed ¢ < &(y), there exists R(¢) > 0 such that, for
every R > R(e),

XV (W) ¢ Blpain(0(R), a(R), k(R), €), XY (w) ¢ Bro(a(R),6(R),e/4) and
XY W) & Blpain(8(R), a(R), K(R),€), XV (W) ¢ B (a(R), 0(R), /4).
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Recall that §(R) :=1/| R3], a(R) := R — 27 and k(R) := |R'/3]|. Since x(R)/§(R) ~ R*/3 «
a(R) ~ R, there exists R(e, p) > R(e) such that for any R > R(e, p):

€ 2 . o  be
— +1 2 — < . 3.2
p+6(R)+<6(R)+ )n(R)(r+s)+r+4 < a(R) (3.2)
We now fix R > R(e,p). Let us prove by induction that, for all ¢ € [0,1]: for all ¢ such that
|9i| < p, all k such that |yx| < p, and all R > R(e, p),

)O(Z.y’R(w,t) = )z'l.y’RJrl(w,t) and X,Z’R(w,t) = X;Z’R“(w,t)-

At time ¢ = 0, the initial configurations X¥-f(w,0) = YB(o,r) and XYBE+L (. 0) = Y B(0,R+1)
coincide as far as their spheres in J (X¥"F(w,0), po, ) and their particles in J (X¥"%(w,0), po, €)
are concerned, for

€ 2k(R)
5(R) T O(R)

po:=p+ (27 +¢),
since po + k(R)(2r 4+ ¢) + ¥ < R thanks to (3.2). This provides the initial step for the induction
procedure.

We turn to the induction step. Assume that, for a fixed integer a between 0 and 1/§(R), and
for
i Q(L
5(R) T \5(R)
the processes XY %(w,-) and X¥f+1(w,.) and their local times coincide on [0,ad(R)] as far as
their spheres in j(Xy’R(w, ad), pa,€) and their particles in J (XY (w, ad), pa, ) are concerned,
and satisfy (S.) restricted to these balls up to time ad(R). We want to prove the same result
for (a + 1) instead of a. The separation property in Lemma 3.6 implies that the spheres in

pai=p+ —CL)K;(R)(QF-FE),

j = j(X%R(w? aé(R))> Pas 5) = j(X%R—H(wv (I(S(R)), Pas 5)
or the particles in
J = T (XY (w,ab(R)), pa,e) = T (XV T (w,a8(R)), pas €)

do not bump, from time ad(R) to time (a + 1)d(R), into the spheres and particles which do not
belong to these index sets. Thanks to (S},) and its Markov property, this implies:

forany i € J, any k € J, and any t € [ad(R), (a + 1)6(R)],

. . . . 1 [t ou o
XY R (w,t) = X (w,ad(R)) + Wilw, t) — Wi(w, ad(R)) — 5/ Vwﬁ(Xiva(w, s)) ds
ad(R)
t t
+ Z/ (XPF = XY™ (w, 8)dLij(w,s) + > / (XYR XYY (w0, 8)dlin(w, 5)
ied as(R) reg @R )

52

t
XY w,t) = XD (w, ad(R)) + 6 WY H(w,t) — 6 WY (w, ad(R)) — 7/ Vol (XY (w, 5)) ds
ad(R)

2
t
+o° Z /a(m (XY = XPT) (@, 5)dlin(w, 5).

a

JjET

This is also true for R + 1 instead of R. The XY (w,-) and XY (w, ) for i € J, as well as
thg X,‘Z’R(w, :) and XZ’RH(OJ, ) for k € J, stay in the ball B(0, R — 2) where V&%, V?ﬂﬁﬂ,
VY and Vi), 41 vanish, as a consequence of the localisation property from Lemma 3.6 and the
inequality p, + (21 +¢) + P4 5 < R—2¢. The restriction to these balls and this time interval
of (8%) and (S}4) both coincide with the corresponding restriction of (S..).

The equality of XYB(w,.) and X¥-F+H(w,.) at time ad(R) for spheres and particles in J
and J, and the uniqueness of the solution of the above equation imply that XYf(w,-) and
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XY B+ () — and the corresponding local times — coincide on the time interval [ad(R), (a +
1)0(R)] as far as their spheres in J and their particles in J are concerned.

In particular, XY (w, (a + 1)§(R)) = XY (w, (a + 1)§(R)) and XY (w, (a + 1)5(R)) =
X,Z’Rﬂ(w, (a + 1)3(R)) for spheres i € J and particles k € J. The inclusion property from
Lemma 3.6 then yields

J(XYE((a +1)8(R)), pat1.€) = T (X ((a + 1)3(R)), pat1.€) C I,
J (XY ((a+1)8(R)), par1,€) = T (XY E (@ +1)8(R)), pas1,6) C T

As a result, XY'f(w,-) and X¥B+1(w,.) and their local times coincide on [0, (a 4+ 1)§(R)] as
far as their spheres in J(X¥"B(w, (a + 1)8(R)), pas1,€) and their particles in J (X¥F(w, (a +
1)6(R)), pa+1,¢€) are concerned, and the equation (S}) they satisfy reduces to (Sx) for these
balls on this time interval. This concludes the induction step, so that the above step-by-step
equality result holds for each integer a up to 1/6(R).

The solutions XY-f(w, -) and XY+ (w, -) of the penalised equations starting from configura-
tion y, as it comes to their components which are spheres in j (X y’R(w, 1), p1 /5(R)> €) or particles
in J(X¥f(w,1), P1/5(R)+€), are equal up to time 1. Since X¥f(w,-) and X¥f*!(w, ) both do
not have balls that cover a distance larger than ﬁ during the time interval [0, 1] if they ever
enter B(0, a(R)), hence stay in B(0, p + ({—R)) = B(0, p1/s5(ry) if they start in B(0, p), we have

{Z : ‘:&Z‘ < 10} C j(Xy’R(wal)apl/(S(R)vg) and {k : ’yk| < p} C j(Xy’R(w71)7pl/§(R)7E)‘

The penalised processes X¥-%(w,-) and X¥-#+1(w, ) are then the same process (including local
times) for all spheres and particles starting in B(0, p), and satisfy (S.).

Let us summarise the result of this induction process: For any y = yy € D and w € Y,
for ¢ < e(y), for any finite collection of spheres g; and particles g, there exists a radius p
larger than all the |y;|’s and |g|’s, and there exists R(e, p) large enough such that, as soon as
R > R(e, p), all the XY (w,t) and XY (w,t) are equal for ¢ € [0,1]. All the local times for the
sphere-sphere collisions and the sphere-particle collisions in this collection also do not depend
on R as soon as R > R(e,p). Moreover, the eventually-constant limit paths Xy’oo(w, )=
limp_ 400 )O(g’R(w,-) and X]Z’Oo(w,-) = limp 4 X,‘Z’R( ) satisfy (S.). Since XY'*(w,0) =y
for all R’s by construction, XY**°(w,0) :=y. This concludes the proof of Proposition 3.3.

3.2 Proof of Proposition 3.4: almost sure convergence
We prove here Proposition 3.4, that is that [, P((Q¥)°)u(dy) = 0 for y € Gz ;. Recall that, for
§(R) :=1/| R3], a(R) := R — 27 and x(R) := | RY?], the complement set of QY is

(Q¥)° = ﬂ U lim sup {XY’R € B'(e,R) or XV Iitl ¢ B’(E,R)},
e(y)€1/N e€l/N R—ro0
e<e(y)

where B'(¢, R) := By (0(R), a(R), k(R), ) U Bt (a(R), §(R), e/4). This can be rewritten as
(QY)° = ﬂ U lim sup {XYRGB(E R)U B/(g, R—l)}
e(y)el/N eel/N B0

e<e(y)

Thanks to the Borel-Cantelli lemma, [, P((2¥)°)u(dy) = 0 as soon as there exists 9 > 0 such
that:

Ve < e, Z/ P(Xy’R €B'(e,R)UB'(s,R — 1))M(dy) < +00.
R
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A sufficient condition for the above summability to hold is
Jeg >0: Ve <eg, Z/ Q% (g’(g, R)UB'(e,R — 1)),u(dy) < +00, (3.3)
R D

and ZdTV(R) < 400, where (3.4)

dry(R) := Qccs%pl ' / Xy’ G@) (dy) — / Q}é<@)ﬂ(dY)"

The proof of (3.3) relies on the two following results on chains and fast motion, whose proofs are
postponed to Sections A.3 and A.4, respectively.

Lemma 3.8. For each sphere activity zZ > 0, each chain length x € N*, each radius o > 0, and
each chain leeway ¢ € (0, 27), the probability of a long sphere chain to occur is bounded by:

1/, . . k
Vy e D, VR>0, Q% <B’Chain(6, a, /1,5)) < 3 (z (2r + ) — (2r)d)vd> )

Lemma 3.9. There exists a constant Crast = Crast(d, 7, 2, 2), depending only on the dimension
d, the particle diffusion coefficient &, and the activities Z and 2, such that for any oscillation
parameters 0 < e < 1,0 < <1, and any radius o > 1:

d 2

a €
Vy € D, VR >0, Q‘}f—i (B'Fast(a,é,e)) < CFast i exp(—md 5 max(1,69)

).

Thanks to Lemma 3.8,

ZR: /Z) Q)II% (B/Chain((s(R)v a(R)7 "Q(R), 6)) ,u(dy)

< Z R3] < (27 +¢)? (2F)d)vd) e

< 400,

as soon as ¢ is small enough for 2 ((27+¢)?— (27*)¢)v4 < 1 to hold, which is the case, for example,
if & < min(27, (2 (47 + 1)dvd)_1). Under the same condition on ¢, one also obtains

> /@ @%(%hm@m—1>,a<R—1>,fe<R—1>,e>>u<dy> < toc.
R

Thanks to Lemma 3.9, for any 0 < e <1,

> / @ (Bsasxa(R),a(R),e/@)u(dy>

< Crast Z |RY3 |41 (R —2) vy exp | — e’ R < 400
- - 10d max(1,52) ’

and the same summability holds for

Z/ Qi} (8{:‘ast(a(R - 1)75(R - 1)75/4)> M(d}’) < +00.
R VD

Thus (3.3) holds. It only remains to prove (3.4), i.e. that the total variation distance between
Jp Q% (u(dy) and [, P(X¥"% € - )u(dy) converges to zero in a summable way. From (2.7) we
have that for any measurable set © of continuous paths in D:

p(Xy,R c @) _ P(XY,R,ﬁ()O'B(O,R))7ﬁ(yB(O,R))(yB(O’R)7 e @) —. Fg(YB(O,R))»
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where F3(id) := P(XY-#3 (33, . ) € ©). Note that F3 only depends on Y B(o,r)c and not on
yB(o,r)- Taking A = B(0, R), with x = {@1,...,2,} and X = {Z1,..., 2}, in the definition (1.1)
of u, we find:

/2) P(XY’R € @) p(dy) = / FY(yBo.r)) 1(dy)

°n

[e o] o0
= ) 2l X
/ ZB o.r)(¥) St 2 m'
/ / F3(5) 1o (¥ (0. 5%) @y divg ®Ty dis u(dy).
B(O,R 0,R

Recall that B% and Bl‘é are the parts of B(0, R) where a sphere or a particle can be put without
conflict with the outside configuration yp( gy (see (2.1)):

/P<Xy’R€@) p(dy)

D

- 2. FY(%x) Lo (%x) @7, diy @7, di; p(dy).
/ZBOR) Zn!%m!/@%)n/@%)m o (xx) 1p (x%) ®FL, 1 (dy)

According to the definitions (2.6), (2.4), (2.3) of the measures Q%, Q% vy ., we have

Rn,m’
+00 s +o0 sm
R( ) Zy Z ! Z ml /P (XY (x, ) € ©) AV 1 (X)

+oon+oom

= 221 2t fo fo PO L) Sy M) S V()

Distributing the terms according to the number of spheres and particles in B(0, R), we get the
total variation distance:

z y
/ Z n! ; m! /]Rnd /]Rmd F (x%) Lp (x%) Ay, x%) @5l dig ®iy dzip(dy))|,

drv(R) = = sup

where
i U ey Tlhma Daepy e S0 VRGD o~ S VR
Zpo,r)(¥) Zy .

Using the fact that |FZ(xx)| is bounded by 1, we get

o 2 27 . N e on g
arv(R) < [ I Lo 1) 18G50 sy di @iy di ().

Note that the terms are well-defined even for n = 0 and/or m = 0, with the convention that

Ay, xx%) =

H?Zl ---=1and Z?Zl .-+ =10. We split the difference A(y,xx%) in two:
n m
1 1
(y,xx ’ 1 —_— — =¥
‘ 1;‘[ hieBy ,:Cl:[ HePY Zpon(y)  Zh
1 n T . .
+ 1. - 1. sy — e 2imi YR(E) o= iy vR(Er) |
Z% 11;[1 z;€BY, kljl i;€BY,
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Since 1/13'{ vanishes on B% and 1/)]3% vanishes on B%, the argument of the second absolute value is

negative:
n

m
N Y (e N Y (s
Hﬂﬂ?ieé% H ﬂjyieng < e ZimVr(E) o= 2 7*Z’R(”%)’
i=1 k=1
and the argument of the first absolute value in the bound of |A(y,xx%)| is positive:
+o0o sn +o0 n m
o . % n 2 .
BO.R) (Y Z ! Z ml /]R”d /Rmd il:[lﬂfcie% kl:[l]lx'ieB% Lp(x%) @iy dit; @y diy,

+°°n+°°m

= Z D /1R /Rmd lp (x%) @iy Mg(di) ®FLy N (die) = Z;.

m=0

Consequently, the first part in the upper bound of [A(y,xxX)| yields Zp(,g)(y) and the second
part yields .Z]‘% — ZB(0,R) (y):

TV
+oo sn +oo sm )
1p(xx QM diy, @7 di;
/ Z nh /By)" /By (ZB(OR)( ) ZR> h=1 !
o . — n Ih4 5:.1 _ m By % mn .
+.Z}}:E/Rnd /]Rmd ]ID(XX) (e D1 YR( )e Doy YR (&) _Hﬂiieéﬁ H]lﬂbieB§>

i=1 k=1

d

Qe diy ®p—q dz; ,u(dy)

1 1
< /@ (Zmoa)(y) - Z;‘é) Zpo.p(y) + z7 (ZR OR)(y)> p(dy)

-z
<o [ TnZIen®) ) 35)
D 'ZR

To prove (3.4), we only have find a summable upper bound for the above integral. Since @ZJ%’%(ZL)) =
0 for &; € BY,, and ¢%(iy,) = 0 for 74 € B}, we have

n

m n m

n ny °i mﬁ Y/

1 — e VRl 2 Vi) H ]lfcieéﬁ H ]1501‘63% < Z ]liiézéﬁ + Z ]lii¢B%‘
i=1 k=1 =1 k=1

Using the exchangeability of the spheres and particles, we obtain

Zh = Zeor)(Y)

+°°n+oom

< Z n‘ Z m‘ /Rnd /RMd XX (n]}.in¢]§% +m]].xm¢33%> ®£L:1 )\%(di@) ®;€n:1 )\}é(dﬂfk)

m=0
Since 1p(Zy ... &y &1...5m) < Lp(T1...Tp-1 &1...1Ty), and analogously for the particles,

Zy - ZB(O R)( )

+oom

= nlyo,m‘y-"y SY \¢
<i3 T S I L e st S st W) S0

: z g > nooA\Y (s m=13Y (1. \ \Y ((BY\C
+ ZZ ﬁ (m — 1)! /Rnd /R(m—l)d ]ID(XX) Di=1 )\R(d%) ®k:1 /\R(dxk) )\R((BR) )

n=0  m=l1

<z (sz (BY)") + z%((ggf{y)).
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Injecting this in (3.5) yields

dry(R) <2 [ SR(ER) + 5(BH) nlay). (3.6)
D

Finally, by assumption (2.2), we have that ) ,dry(R) < +oo, which in turn implies that

Jp P((2)°)u(dy) = 0, concluding the proof of Proposition 3.4.

As a result, the solution X¥*°(w,-) of (S ) constructed in Section 3.1 as a limit process
exists for p-almost every w, for any fixed y in the interior of D.

Remark 3.10. The process XY *°(w,-) is the unique solution of (S.) in the sense of [Tan96,
Lemma 5.4]. This means that XY"* coincides p-a.s. with any solution X of (S) starting from
y in the class of paths for which: there exists € > 0 and a rate p € N* such that, for all p > 0
and infinitely-many m € N*, there exists a finite sequence of rational times tp =0 < t; < --- <
try—1 < tpy =1, with to41 —t4 < %, and a sequence of bounded sets C, ...C,y_; in R?, with
B(0,p+m) C Cpy—q1 C --- C Cy C B(0,p+m+ mP), with B(Cyt1,6) C C, for each a, such
that, for every a € {0,...,m’ — 1}, the boundary of C, separates balls in such a way that they
do not interact:

1 o
Vae{0,1,...,m —1}, Vte [a,“+ ] inf{|X;(t) —2|: i € N*, 2 €9C,} > 7+ 2
m.om 4
and inf{|Xy(t) —z|: ke N*, z € dC,} > 7"—1—2

That the limit solution XY belongs to this class follows from the computations of Section 3.1.
Any solution belonging to this class inherits the uniqueness property of the finite SDE; since
every sphere or particle belongs on successive time intervals to finite sets of interacting balls,
hence they coincide with X¥>*°(w, ).

3.3 Reversibility of the limit under Gibbs measures

To complete the proof of Theorem 1.3, we only have to note that the limit process X¥*°(w,-),
constructed in Sections 3.1 and 3.2 for p-almost every w, admits p as a reversible measure, for
any Gibbs measure p € Gs ;.

This is a straightforward consequence of the reversibility of the penalised processes under the
approximate measures Q‘};. Indeed, for any time 7" in [0, 1], any subdivision 0 < #; < --- <t; <
T, and any bounded continuous local functions Fi, ..., F; on M, we have

/@ E([[F (XY — 1)) — HF (X%°°<ti>))ﬂ<dy>

i=1

= lim
R—+o00

J
[ B(TLRee - ) - [LRCe0) Jatay)
D i=1 i—

J
< 1 2 F; dry(R) =0
> Rirfw HH ]HOO Tv(R) )

since, thanks to the reversibility of X¥f starting from s
J

/D E(HE(X“R” —t) —[1# (Xy’Rm-)))uﬁ(dy) 0.

i=1
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4 Occurrence of a depletion interaction between hard spheres

In this section, we study the emergence of an attractive interaction, the depletion interaction,
between hard spheres, due to the presence of the particle medium. We first identify the projection
i of the reversible measure p introduced in (1.1), as a Gibbs measure with a new effective
interaction. We then construct a gradient dynamics whose reversible measure is given by f.
Finally, in Sections 4.3 and 4.4, we study the properties of the Gibbs measures [ in the low- and
high-activity regimes, respectively.

4.1 The projection of the two-type reversible measure

We study here the projection of the reversible measure p € G;; onto the subsystem of hard
spheres. For any finite configuration x = {z1,...,2Z,}, n > 1, of hard spheres, consider the

energy
n

®

= LJB(&TGZ T
i=1

We denote by G:(28) the set of Gibbs measures associated to & with activity z and inverse
temperature Z, that is the set of measures solutions of

| it = | z°A1<§,> ] P exp (= 281 Georae)) Lo(yars) i (0 (). (41

for any A C R? and any positive bounded measurable F' on /\;(, where

E(x) =

En(X) == [B(%) \ B(%ae)| = | | B(%, P\ U B (4.2)

TEXA TEX

is the conditional energy in A for (infinite) configurations of hard spheres x € M.

Remark 4.1. It is worth noting that several choices of conditional energy lead to the same set
of Gibbs measures. This is the case, for example, for Ex(x) := |B(%) N A|, since it differs from
&Ep only for factors that only depend on the external configuration. As was the case for G; :,
existence of at least one element of G:(28), for any value of z, 2 > 0, is a classical result.

Similarly to the Widom-Rowlinson model [WR70], the following correspondence between
two-type and one-type models holds, where the activity Z of the particles plays the role of
inwverse temperature for the effective interaction between hard spheres.

Proposition 4.2. For any 2,2 > 0,
o If 4 € G; ; is a Gibbs measure on M, then its marginal on M is a Gibbs measure [ € G:(28).
o If i € G:(38) is a Gibbs measure on M, then ji(d%X) ® 7
on M.

The proof is relatively straightforward, but it is still worthwhile to include here. Indeed,
in the Widom—Rowlinson model this result is folklore, and as such a rigorous proof using the
DLR formalism is not easily found. Moreover, as far as we are aware, this is the first time this
argument is extended to this setting where there is an additional hard-core interaction.

RI\B(% )(df() € Gs,; is a Gibbs measure

Proof. We first show that if i satisfies the DLR equations (1.2) for &, then p := g ® Ter\B(x)
satisfies the DLR equations (1.1). For any positive bounded measurable F' on D, we have

/ p(dx) := // XX) 7Tle\IB )(dx) f1(dx)

[ s e (Lo 4 6t
== XAXAXACXAC 5 T % clax XAXAc)T X XAc).
AXAXACXA Za(ae) B(X/, XAc) DXAXA)TANAXN ) HIAXA
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Writing e~ [BIO\BGae)| — =BG )UB(ne)| e/Ba0)land absorbing the second term into Z (xac),
we have that this is precisely the Poisson void probability for 7373., so that we find

[ Foantan) = [ ([ P tn sk @)mi ) ),

Conversely, let 4 € G; 5. Its marginal on the hard spheres is characterised by integration over test

functions F supported on M, that is: Iy F(X)faz(dx) = [, F(x)pu(dxx). The DLR equations
for p then yield

[ ot = [ [ Pae) Lo iaeyaesi mi (a5 7 450 ulay)
- [ 1y / / (Fe%) L (y aescic) m (d%) i (45) pu(dy)

Za(y)

- / ZA1<y> /M F(yaek) exp (= 565 (cfae)) Lo (¥ 4e%) 73 (d%) pu(dy),

where at each step we absorbed the factors constant in x into Za(y), e.g. eBOac)NAl " Thig
finally leads to the new partition function

ZA(Y) = Za(ae) = / exp (= 28a(xyac)) Lo (yacx) mx (d%),
M
concluding the proof. O

4.2 An associated gradient dynamics

We are interested here in constructing a diffusive dynamics for infinitely-many hard spheres
which has (4.1) as reversible measure.
It is a simple geometric fact (see, e.g. [LT11]) that, if 7/ < 2v/3 —1 =: py ~ 0.15, the

3
interaction & between any finite number n > 1 of hard spheres x = {&1,...,Z,} reduces to
0 |$Z ’
S(X) = NVq 7” Z (Vovlap )
1<i<j<n 2T
where, for u = @ € {g,—i-oo),
27 T

(u) = —pa(wi, 25)

o arccos(u)
Viwtap (1) = 241 ’I“d/ (sin G)dde ]l[c/@ .
0 /T,

is an attractive two-body potential, which only depends on the distance between points. It

decreases from its maximal value Ovlap, attained at u = %, to its minimal value 0, attained

at u = 1, and vanishes on [1,+00). With this notation, the conditional energy (4.2) can be
rewritten as

.. Od 4e L L
En(Zayac) =vard t%ka + Y a(di, ;) + Y waldi, i5)-

T4, T Z4,9;

Note that Viiap is C? for d > 3. Indeed, its derivatives are given, for s <u< 1, by

d—1
olap (1) = 2V4_1 7 arccos’ (u) (sin (arccos(u)))d — vy | T 4(1-u?)T
/
? 43 u vl (U)
tap (1) = 20d = Dvaoy Pl (1—0) % = —(d = 1) =200
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This allows us to show, using [FRT00, Theorem 1.4 and Remark 1.2, existence and uniqueness
of a strong solution to the corresponding diffusive dynamics of the infinitely-many hard spheres
(X;)ien+ submitted to (Z-times) this gradient field:

for any i € N*, ¢ € [0,1],
: ; ; X, — X PON\SE X — X
dXi(t):dWi()—fvd, Ra- 12( | ] U) i s WOV
472 + X - X
400 R
+ 0 (Xi = X;) (B)dLi(t),
j=1
t
Vi€ N, Lij(0) = 0, Lij = Lii, /0 15,9 %; (27 ALig (8) = 0, L =0,

\

where (Wz)z are independent R%valued Brownian motions and the local times L;j describe the
effects of the elastic collisions between the hard spheres i and j (subject to normal reflection).
Moreover, any i € Gz(28) is reversible for the dynamics. This proves Theorem 1.5.

4.3 Low-activity regime: no sphere-percolation

As a by-product of the chain estimate of Lemma 3.8, needed to control the dynamics and prove
the existence of solutions for (S..), we get absence of percolation fi-a.s. for small activities z.
Although our argument is not the classical one in the line of [TMLS97|, it still relies on the
crucial idea that there is only a very small area in which an additional sphere can be put in order
to lengthen a sphere chain, hence a very small, geometrically decreasing, probability to have long
chains.

Proposition 4.3. We say that two spheres 2; and 2 of a configuration x interact if |z;—z;| < 2(79,
i.e. if their interaction (Vovlap<%> does not vanish. Let 1 € G:(28). Then, for any Z > 0
27

and any z < Z. := (2d((7?d — %) vy)1, there is fi-a.s. no infinite cluster of interacting spheres.

Proof. If a configuration y has an infinite chain of interacting spheres at distance smaller than

2% of one another, there is a radius R(y) such that B(0, R) intersects this infinite chain for each
R > R(y). Consequently, y has a chain of interacting spheres from B(0, R) to B(0,2R) which

involves at least L—GJ spheres. We then only have to prove that
27

. R )
((Cx) =0, where Cy := {For R large enough, ¥p(2r) € BChain (R, {QJ , 27")} )
2r
This holds as soon as

o (s R
ZM <YB(0,2R) € BChain (R, { J 27")) < +o0. (4.3)
R 27’
By Proposition 4.2, f1is the projection on the sphere configuration space M of the Gibbs measure

f(dx) ® WRd\B( )(dic) € G:; on M. Since Bchain events only involve spheres, and Xy2R(0) =
YB(02r) by (2.7) is pd p-distributed under @Y, we have

o R
jz (YB(0,2R) € Bchain (R, L J 27“)> =p <yB(o 2Rr) € Bchain(R, { J )>
T

— /@ P(XY’QR(O)EBCMH { J )

(7?
S/D <BCha1n(1 R, { J ) (dy) +drv(2R).
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Thanks to (3.6) and Lemma 3.8, we obtain
o[- R i
it | ¥B(0,2r) € Bchain(R, 20 , 21°)

T

< (2P - 27)va) A, [ %) + 8B ),

1
This ensures that (4.3) holds as soon as z < 5 , completing the proof. O
((27)F = (27))vq

Remark 4.4. In a realistic setting, the radius 7 of the particles should be very small. As
expected, the colloidal percolation critical activity

. 1 1
Ze = RPN e
2dy, 22:1 (Z) phpd—k 70  d29vgrd—1 g

tends to infinity as the particle radius tends to zero. Indeed, by definition, as 7 gets smaller,
the distance at which sphere are considered interacting get smaller, hence it is more difficult for
interacting chains to appear. For extremely small 7’s, such chains simply cannot form.

Remark 4.5. Although the connection between (absence of) percolation and (absence of) phase
transition is not automatic — in particular, the FKG property does not hold and, since this is
not a symmetric mixture, a phase transition cannot be proven via symmetry breaking using
percolation as in [CCK95, GLM95] — it is still interesting to compare the different regimes.

Let o(y) = vd?d — 2 Voutap(|y] /(2(72)) > 0. By the classical result of Ruelle [Rue99, Theorem
4.2.3], we know that there is no phase transition if

s<e | (27) vy + /
lyle(27,2%)

Comparing with Proposition 4.3, we see (apart from the e~! factor) an additional (27)% at the
denominator, coming from the hard core. It is however worth noting (see [JT20]) that this should

-1
1_ e—iso(y)’ dy) )

be significantly improved by considering the renormalised activity 2z’ = Eexp{—évd?d}.

4.4 High-activity regime: towards an optimal packing

We are now interested in the high-density behaviour of the equilibrium measures in Gz(28).

In the case of a finite number of hard spheres, we were able to prove in [FKRZ24| that the
reversible probability measure of the corresponding finite-dimensional gradient system for n hard
spheres concentrates around admissible configurations which minimise the energy. Moreover,
admissible n-sphere configurations who realise the minimal energy maximise the contact number.

In the infinite setting, the behaviour is more complicated, as the number of spheres in any
volume is random. There is now a competition between the minimisation of the energy (achieved
either by having less spheres or having the more densely packed) and that of the entropy (achieved
by being as close as possible to the completely random Poisson point process); this is the Gibbs
variational principle [Geo94, Geo95]. In particular then, since the energy is minimised not only
by closely packing a given number of spheres, but also by taking as few of them as possible, only
in the limit 2 — oo, the entropic cost of putting only a small number of spheres in the system
is too high, making the minimising configurations only those that achieve the closest packing.
This heuristics can be formalised as follows:
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Proposition 4.6. Let ;i € G:(2E), and denote is intensity by pz(2) = lim,— o0 \T1n| [ %A, | di(x),
Ay = [-n,n)% Then, for any z > 0, as 2 — 0o, ji attains the closest-packing density, that is:

1
lim p;(2) = lim —N,, =: p*,

with V,, the maximal number of mutually disjoint open balls of radius 7 included in A,,.

The proof is a straightforward application of [MMS'01, Proposition 2|, which states the
above result for any regular potential with hard core, as ¢3 is (e.g. [Rue99]), using the Gibbs
variational principle as main tool. Note that the effects of the “finite” parts of the interaction
vanish when taking the high-activity limit, and only the infinite hard-core interaction plays a
role; in particular, the limiting density does not depend on the inverse temperature parameter
z, and is simply given by the packing density, i.e. the highest possible one under the hard-core
constraint.

Remark 4.7. In view of such a result, it is natural to ask whether one may simulate the
gradient dynamics (S9°P) to estimate the celebrated contact number between n hard spheres
in any dimension. Indeed, we have made such a simulation (see https://lab.wias-berlin.
de/zass/dynamics-of -spheres) for our previous work [FKRZ24|; obtaining estimates in high
dimensions is then of course worth pursuing, but requires long computation times.

A Appendix: Proof of the remaining statements

A.1 Existence of the penalisation functions

We prove here the existence of the sphere penalisation function 1@’% and the particle penalisation
function 1/13% needed in Section 2.1. Let 1 be a non-increasing C* function with ¥ (t) = 1 if
t <0and ¢(t) =0if t > 1, and ¢ be a non-decreasing C*> function with ¢(¢) = 0 if ¢ < 0 and
o(t) =t+ C% if t > 1. Then the two functions

) o2 g2
Yh(x) :=2log(R) + gO(RdH(]m\ —R)) + Z (0 <|y47g2 | > + Z (0 (|y o, | )

S yeY

R<|y|<R+27 R<|§|<R+7
+log< >+log<ﬁ{y€y R<|y\<R+r}>
WY () — d+1 g — ]
Uh(z) :=2log(R) + (R (|z| - R) + > ¥ e
Jey r
R<|g;\<R+(+)
+ log ( )
with the convention that log(#0)+> - - - = 0, are non-negative functions of class C? with bounded

derivatives. Moreover, ¢, is constant on B}, and ¢}, is constant on BY. By construction then,

% ()
Z/By dw<+oo and Z/By dr < +oo0.

A.2 Proof of the ball separation and nested inclusion Lemma 3.6

We consider a path X : [0,1] — O that belongs neither to B¢y ..., (0, &, k, €) nor to B, (o, d,¢/4),
and study it during the time interval [ad, (a + 1)d], on balls of radii

, 2K,
0<p=:pis < <patt < pai=pap1 +26(27 +e) <o <poi=p+ o (2Fte) S a
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focusing first on the spheres, then on the particles.

By definition of the index set J = J(X(ad), pa,€), the spheres of X (ad) whose indices are
not in J are neither in the ball B(0, pg) nor in an e-chain connected to it, i.e. not at distance
(27 4 €) of any e-chain connected to B(0, p,), that is:

Vj ¢ T (X(ad), pase)  |X;(ad)| > pa,

Vi ¢ T (X(a), pas€), Vi € T (X(a0), pasc),  |X;(ad) = Ki(ad)| > 27 +e.
X ¢ B« (o, 0,e/4) implies that no sphere in B(0, &) moves by more than ¢/4 during the time
interval [ad, (a + 1)d], hence the separation property:

Vj & (X (ad), pa,c), Vi € T (X(ad), pa,e), Vt € [, (a+ 1)d], \Xj(t)—)ofi(t)|>2f+%.

Since X ¢ By . (0, @, K, €), the starting configuration X (ad) does not have any e-chain of spheres
that intersects B(0,a) and involves more than (x + 1) spheres, i.e. is longer than x(27* + ¢).
Consequently, all spheres labelled in J (X (ad), pa,e) start at a distance from the origin of at
most:

Vi € j( ( ) Pa, € )7 ‘)D(l(aéﬂ < Pa + Ii(27o‘+€) (Al)
v .
radius defining J  longest e-chain
Since they move at most of £/4 during the time interval [ad, (a + 1)d], we get the localisation

property:

Vi € J(X(ad), puse), V€ [0, (a+1)3), [ Xi(D)] < pa+w(2F+2)+ S
Finally, for cach j ¢ (X (a6), pa, ), we already have \)ofj(ad)\ > pq, thus ])Z'j((a—i-l)d)\ > pa— 5

J ¢ T (X(@0).pae) = [X;((a+1)8)| > pa—

— j ¢ T (X((a+1)8), pat1,¢),

> pat1 + k(21 +¢€)

thanks to (A.1), used for a + 1 instead of a. This proves the first inclusion:

T (X((a+1)8), pat1,€) C T (X(ab), pas ).

The proof of the analogue properties for the particles is similar. The particles of X (ad) whose
indices do not belong to J := J (X (ad), pa, ) are neither in B(0, p,) nor in the e-neighbourhood

of an e-chain connected to it, i.e. not at distance ?+eof any e-chain connected to B(0, pg):

vk ¢ j( ( ) Pa> € )7 ‘Xk(aé)‘ > Pa,

vk ¢ J(X(a9), pa, <), Vi € T(X(ad), pase), [ Xn(ad) — Xi(ad)] > 7 +e.

Again, no sphere and no particle in B(0, &) moves by more than £/4 during the time interval,

hence
€

Vk ¢ J(X(ad), pa,<), Vt € [ad, (a+1)d], ’Xk(t)|>/)a_17 (

Vk ¢ (X (ad), pasc), Vi € I (X (ad), pase), Vi € [ad, (a+ 1)), | Xp(t) — Xi(1)| >

Particles in J stay near the origin as a consequence of (A.1),

Vk € J(X(ad), pase), | Xp(ad)| < pa + K(2F + €) 1Py,
N—

farthest position of spheres in J
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hence

vk € I (X(ad), pas€), Wt € [ad, (a +1)d], IXk(t)|§pa+n(2f+s)+?+5f

Inequality (A.2) for t = (a + 1)4 yields

k%j( (ad), pa,€) = ‘Xk((a"i_l)(s)’>pa_izpa+1+/€<27%+6)+9+g
= k¢ J(X((a+1)d), pat1,e),

thanks to the consequence of (A.1), applied to (a + 1) instead of a. This proves the second
inclusion:

J(X((a+1)d), pa+1,€) C T (X (ad), pa, €),

thus concluding the proof of the lemma. O

A.3 Proof of Lemma 3.8: long sphere chains are improbable

We prove here Lemma 3.8, that is, we find an upper bound for the probability of long sphere
chains to form, at some time between 0 and 1, for the mixed penalised process starting from its
reversible distribution.

The definition of B¢y ..., (6, , &, €) in Definition 3.1 and the fact that X (¢) is p-distributed
for each ¢t under Q’é imply, for any time step § > 0:

Q{E(B&hain(&a:’% 3 ) UL/j Qy( (kd) € Bpain (v & 5))

< /-L)]-’g (BChain(aa R, 5)) .

oﬂH

To complete the proof of Lemma 3.8, we only have to prove the following static estimate:

Lemma A.1. For each sphere activity Z > 0, any chain length x € N*, any radius o > 0, and
any leeway ¢ € (0,27),

VyeD, YR>0, % (Bonain(ask,e)) < ( (27 + )¢ — (QF)d)vd)H.

Proof. The proof relies on an induction inequality for chains under the measure V}%mm

We have to carefully manage the difference between labelled and unlabelled sphere config-
urations. Fix first the sphere indices in the norm, in order to avoid double counting. This is
possible because the measure of the set of configurations where several spheres have the same
norm is zero. The exchangeability of the measure ®?:15\51%(d§:i) ensures that:

Vi nm (BChain (e, K, €))

= n! /R g /R i <lisl<<linl} L(or,nin)€Bonain (o)} 10 (XX) ®fy Ny (dity) @y Ay (dis).

For any finite configuration x = (Z1,...,2,) € D, the existence of at least one e-chain of length
rk starting in |B(0, a)| is equivalent to the existence of a permutation 7 on {1,...,n} such that
’.7037.(1)| < «a and |1°,‘T(1) — .7037.(2)| < 27 + €, ‘%T(g) — £7(3)| < 2F4eg, ..., |i7(n) — JO:T(H+1)‘ < 27 + €.
Using the inverse permutation, again denoted by 7, we can rewrite the expression, and separately
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integrate with respect to Z,

V{g’n’m (Bchain(a, K, €))
| . .
=n /]R"d/R 4 ]l{|$1|<|:02|<-~~<|:cn|} ]1{37' [Ty |Sa, [Er1)=Zr(2)|[<2P4Ess |T7(10) = Tr (1) | <2F+E}
i) @iy A% (dE;)

o (%x%) @), A (diy,)

= n! /Rnd /Rmd IL{ElT % (1) |<|Z7(2) < <|Z7(n) [} ]1{|$1\<04 |1 —T2|<27+e,..., |[Tr—Trt1]|<27+e}
. ) n Sy e
®i:1 )\R(dl'z)

Lp(%%) ®FL; Ag(diy)

= /R(n 1)d /]Rmd /Rd ]l{liﬂga’ |81 =82 <2Fte,n, [Br—Erpr| <2te}
L (k%) M (dier1) @y A (ditg) @1y 1 AR (diEi), (A3)
since 13, 7 (1) | <[ (2| <<y [} 1 equal to 1 for almost every sphere configuration. Thanks to

the inequality
Ip(E1,. oy Zn,X) S Up(T1y- - Tiy Tuo2y -+ o5 Ty X) iz, 5,41 1> 2)
)| = ((2F 4 ¢)?

— (21)9)|B(0,1)].

the integral on Z,41 can be isolated as
[ Lo sopearee) Ni(dier) < [B(ou,27 + )\ Blin, 20)

We finally get
;,2 n,m (Bchain(a, K, €))
< nl((2F + ) — (27)))|B(0,1)]
) @7y AV, (diy) i1, itrt1 A (dT)

)), so that we find

/]R(n b /Rmd ]1{\501\§04, |81 —Z2| <246,y |Tr1—Tr|<27+e}
L (%

a,k—1,¢e

k—1,8)).

From (A.3), the above integral is equal to (n —1)! v, . (Bchain(
( ) )|B(O 1)‘ VRn lm(BChaln(

n(a, k,6)) <n (27 +e)t -
Let us now transfer this chain induction inequality to the mixed probability measure py. Ac-

Vhnm (BChain (e, K, €))
cording to (2.5), and since configurations with less than x + 1 spheres do not have r-chains

|

M)}’z (BChain(O‘ K,€))
+oo zm +o0 sn
Zy Z Z ;Vlz,n,m (Bchain (@, £, €))
! n=k+1
+oo zm +oo zn
< (27 + ) = (21))|B(0, 1) ZyZ > 7 "Vhn1m (Bonain(as s — 1,€))
m! n=k+1
P —+00 zm —+oo s
(27") Vd =y -Zy Z m! Z nl an(BCham( *135))
n=kxk
—1,9)).

< (27 +¢)?
(2T) )Vd MR (BChain(Oéa R

< 2((2F +¢)? —
A straightforward induction argument completes the proof of Lemma A.1
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A.4 Proof of Lemma 3.9: fast moving spheres or particles are improbable

The oscillation estimates of the penalised processes stated in Lemma 3.9 rely on time reversal
techniques.

Let us first write the reversible penalised process as a sum of forward and backward Brownian
motions. According to (Sly—{)7 the following processes are rescaled Brownian motions for 1 < 4,5 <
nand 1 <k <m:

. . . 1/t .. .
Wi(t) = X (1) = XY 0) + o / Vi (XY (s)) ds
0
n t
>y, Rnm >y, Rnm JRnm
_Z / (XY - XY )(s) dLY; (s)
j=1"0
m t
>y, Rn,m >y, R,n,m ,Rnm
=Y [ ) et s)
k=170
. ort v R.n,m >y, R.n,m d2 ¢ 1Y (v
FWlt) = X ) = X0 + G [ Vi) ds

n t
_O-_2 Z /0 (X’zl,R,n,m _ Xiy,R,n,m) (S) d@’k’R’n’m(S).
=1

The forward process (XY™™ (1), XY™™ (¢), LY (1), R

s L s i (t))te[o,1],1§i,jgn,1§k§m has

the same distribution as the backward process

Y 7R7 b Y 7R’ b 7R7 b 7R7 b
(XL — 1), X (L =), L (L =), 80 (1 = 1) 0 1) 1< j<m 1<kam:

Hence, the following images of the backward process also are rescaled Brownian motions:
. . . 1 [t ey o
WP (1) = XY (L — ) = XY (L) 4 / VIR(XY (L~ 5)) ds
2 0
noopt
¢ 7R7 ) % 7R7 ’ 7,I%, s
—Z/ (Xyoform — XY HRnmy (1 — ) dLYT(1 - 5)
j=1""9
mo ot
-> / (XY Formm — Xy Inmy (1 — ) de (1 — 5)
k=170 Y
O'.ng'vR,TL,m(t) — Xz’»R,n,m(l _ t) _ X])C[,R,n,m(l) + (;/0' vw% (Xk,(l . 8)) ds

2 S b R -y, R R

. ,Jf,nm ,I,n,m ,JI,n,m

-G § /0 (X7 - X7 )(1—s)de% (1—3s).
=1

As in [FKRZ24|, the following relations hold for every ¢ € [0,1]:

o o 1 ° o o
Xiy,R,n,m(t) _ Xiy,R,n,m(O) + 5 <Wl(t) + Wiy,R,n,m(l o t) o Wiy,R,n,m(l)> ’
< ‘ (A.4)

XY () = XY (0) + % <Wk(t) + WP ) — ngRvn’mu)) .
— —

Let us now compute the probability that, among the n spheres and m particles in the reversible

solution ()D(l?"R’n’m, X57R7n7m)1<ij<n << Of the finite-dimensional SDE with initial condition
distributed according to VI}_; n.m» at least one sphere or particle that enters the a-neighbourhood

of the origin oscillates too much (see Definition 3.2):

* (‘B{?ast(av 57 E)) = /P (Xy,R,n,m(X7 ) € B%ast(av 57 E)) Vy (dX)

Rn,m Rn,m
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The n spheres (resp. m particles) are exchangeable, thus

}}’%,n,m (B{J‘ast(a7 57 E))

o . A
<1 Qo (X10) € Brae(0,8,2)) +m Q% (K1) € Brasi(,6,6) ) (45)

We evaluate separately first the sphere term and then the particle term.
According to Definition 3.2, for ap = 0 and oj = a +¢/6 + j/ if j € N*, the event
X1(+) € Brast(v, 6, €) is equivalent to:

3j,j' € Nsit. a; < 1X1(0)| < ajy1 and oy < 1X1(1)] < ajrq1 and
min1 1X1(s)] <a and sup |Xi(t) — Xi(s)| > e.

Oss< [t—s|<6
0<s,t<1

For a path to go from the outside of the ball with radius a; to the inside of the ball with radius
a in a time duration of less than 1, the distance covered during at least one of the 1/ time
intervals of length 0 has to be larger than §(o; —a) = e+ j. Hence X1(-) € Brast (v, d,¢) implies:
Jj,j' € Nst. a; < 1X1(0)| < ajy1 and oy < 1X1(1)] < ajq1 and
min |X1(s)] <aand sup |Xi(t) — X1(s)| > e 4+ max(j, j').

0<s<1 ji—s| <
0<s,t<1

Using expression (A.4), we get:

sup [XPT(E) — XTI (s)| >

[t—s|<d
0<s,t<1
1 7R7n7m 1 y7R7n7m 1 y7R7n7m 1 y7R7n7m
= sup |W (t) —W; (s)| >nor sup |[W; (t) —wy (s)| > n.
[t—s|<d [t—s|<d <
0<s,t<1 0<s,t<1

Thus, thanks to the reversibility of Q% ., we have:

Rn,m

oo (X € B (a6.))

<2)_ Qknm (aa‘ < |XPE0)] < aga and - sup [P (E) < WY (s)] > e 4 )

: [t—s|<d
jeN 0<s,t<1

We then use the following standard Brownian estimate:
Lemma A.2. If W is a d-dimensional Brownian motion then, for every e > 0 and every ¢ €]0, 1],

62

1045

P( sup W (t) — W(s)| >€> < 4\/5g exp (—

[t—s|<d, 0<s,t<1

The Brownian motion is independent of the starting point in equation (S3,), thus Lemma A.2
implies:

Rn,m

d —+o00 N2
<85 = Zyﬁ’n,m a; < 21| < g1 | exp —m .
) = 10d 9

Yo (KT () € Bras(@,6,2))
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Then (2.3) yields: v, . (aj < |zy| < aj+1> < Vhno1m(D) [B(0,a541) \ B(0,q; )], so that
the above quantity is bounded by:

d g2 y X seies?
<8V5 < exp(— 1o 75) Vi 1m(D) Y€ 078 [B(0,a50)]:
=0

The above sum is smaller than some constant éd which only depends on the dimension d. Putting
in Cy the factors depending only on the dimension, we obtain:

Y n,m C01d 52
)é,n,m (Xi”PM 7 () € BFast(aa(sve)) < 75(1_‘_1 eXp(— 10d 5) V%’%,n—l,m(D) ad'

We evaluate in the same way the particle term Q% . (Xl() € Bpast (v, 0, 5)) The only differ-

ence is that the diffusion coefficient is equal to ¢ instead of 1. We obtain again, fore <1, § <1,
and o > 1, and with some constant C'; which depends only on the dimension d:

82

ey ;
10d § (;2) VRnm-1(D) o’

o ’R7 ) Cd
3,%,”777"0 (X%’ nm() c BFast(a7 (5, 5)) < W exp(
Thanks to (A.5),

%,n,m (B%ast (Oé, 67 8))

d 2
@ € 5y Ny
< 50 P78 max(1, 62)) (0 Cavhpr (D) 1m0 Ca v 0a (D)
We can now compute the probability of fast motion under the Poissonian mixture Q‘é:
d 2
Y (B! @ _ c L
QR (Bras (@ 0,€)) < §d+1 exp( 10d 6 max(l,d2))zgz
+oo gn—1 too zm
o A y
(Z Cdz 7(’” — 1)' Z E VRJI_LW(D)
= m=0
=z¥
. Foo sn +oo zm—1
: y
+2Ca)y ) =11 VRnm— (D) ).
n=0 m=1
-2z,

Choosing Cragt := Co'd 54+Cy % completes the proof of Lemma 3.9.
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